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Abstract

Belief propagation (BP) was only supposed to work for tree-like networks but works surprisingly
well in many applications involving networks with loops, including turbo codes. However, there
has been little understanding of the algorithm or the nature of the solutions it finds for general
graphs. We show that BP can only converge to a stationary point of an approximate free energy,
known as the Bethe free energy in statistical physics. This result characterizes BP fixed-points
and makes connections with variational approaches to approximate inference. More importantly,
our analysis lets us build on the progress made in statistical physics since Bethe’s approximation
was introduced in 1935. Kikuchi and others have shown how to construct more accurate free
energy approximations, of which Bethe’s approximation is the simplest. Exploiting the insights
from our analysis, we derive generalized belief propagation (GBP) versions of these Kikuchi
approximations. These new message passing algorithms can be significantly more accurate than
ordinary BP, at an adjustable increase in complexity. We illustrate such a new GBP algorithm on
a grid Markov network and show that it gives much more accurate marginal probabilities than
those found using ordinary BP.
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surprisinglywell in many applicationsinvolving networkswith loops,includingturbo
codes.However, therehasbeenlittle understandingof thealgorithmor thenatureof
thesolutionsit findsfor generalgraphs.

We show that BP canonly converge to a stationarypoint of an approximatefree
energy, known astheBethefreeenergy in statisticalphysics.This resultcharacterizes
BP fixed-pointsand makes connectionswith variationalapproachesto approximate
inference.

More importantly, our analysislets us build on the progressmadein statistical
physicssinceBethe’s approximationwasintroducedin 1935.Kikuchi andothershave
shown how to constructmoreaccuratefree energy approximations,of which Bethe’s
approximationis the simplest. Exploiting the insightsfrom our analysis,we derive
generalizedbeliefpropagation(GBP)versionsof theseKikuchi approximations.These
new messagepassingalgorithmscanbesignificantlymoreaccuratethanordinaryBP,
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EHXo��U�Xo±?�.GJIR�DKRW�Kf�JU�I�b³²�E _H´ MµKR�¶IRb.��N����.�.�°I���X]L·�JI¸MuI�G�� ±¹IRGº��GJXoXog���U��RX
b.Xi��MHIRGJ�*�»S.�*�-MuI�G��*�$���.GJ�.G�UV��U�b.W���N�MuX]����U�bTQ�KRb
N�KB�D�.��UV�oKB��U�IRbD�¼U�b
��IR����U�b.W
b.Xi��MHIRGJ�*�½M¾U�� ` ��I
I��D�oY=U�bD�o���&L*U�bDW �J�.GJS&I¸�iI*L*X,�o¿��?IfMuX]�RXoG,Y4� ` XoGJX ` K��
S&X]XobÀ��U��j�J��X��.bDL*X]GJ�j�JKRbDL*U�b.W�IR±	� ` X¸KB��WRI�G�U�� ` Q�I�G�� ` X b&Kf���DG�X IB±½� ` X
�jI����.��U�IRbD�µU��¾ÁDbDL.�¾±¹IRG¾WRX]b.XoG KB�ÂW�GJKR� ` �]¿
Ã X�� ` IfMÄ� ` KB��E _ �]KBb�I�b.��N·�oIRb
�RX]G�W�X���I K ��� Kf�JU�I�bDKBGJN �°IRU�b��¶IR±?KBb
KB�.�DG�IOÅ*U�Q�KB��X?±¹G�X]X�X]b.XoGJWRN�Y��
b.IfM¾bÆKR�u� ` X!EHXo� ` XF±¹GJXoXFXob.X]G�W�N�U�b���� Kf�JU��jg
��UV�oKR�$� ` N*�jUV�o�]¿uÇ ` UV��GJX]���.���?� ` KBG KR�i��X]G�U�ÈoX,�HE _ Á.Å*X,L
g��°IRU�b��J��KRbDLÆQ�KB�RX,�
�iI�b.b.X]�i��U�IRbD�µM¾U�� ` �fKBGJUVKf��U�IRb&KB�»KB�.�DG�I�KR� ` X,�a�JI�KR�.�.GJIOÅ*U�Q�Kf�JX�U�b*±¹X]G�X]bD�iX�¿
9 IRGJX!U�Q��°IRG��JKRb��J��N�Y.IR�DG�KBbDKR��N*��U��µ��Xi� �¾�D�¾S.�DU��VL�IRbÉ� ` XT�.G�I�WRGJX]�J�=Q�K�L*X
U�b��j�JKB��UV���JU��]KB�2� ` N*��U��]�½�jU�bD�oX�EuXo� ` X�Ê �¶KB�.�DG�IOÅ*U�Q�KB��U�IRb MHK��!U�b���GJI*L*�D�oX]L
U�b�C,^R\�k*¿-Ë!U��
�D� ` UDKRbDL�IB� ` XoG � ` KO��X�� ` IfM¾b ` IfMÌ�JI½�iI�bD���JG��&�¦�=Q�IRGJX�KR�ig
�i�.G Kf�JX=±¹GJXoXµX]b.XoGJWRN½KR�.�.GJIOÅ
U�Q�Kf�JU�I�bD�oYOIR±DM ` UV� ` EHXi� ` XRÊ �2KB�D�.G�IOÅ*U�Q�Kf��U�IRb
U��F� ` X���U�Q��.��X]�j�]¿ : Å*�.��IRU���U�b.WÉ� ` X�U�bD��U�W ` � �F±¹G�I�QÍIR�DG!KRbDKB��N*�jUV�]Y$MuX�L*Xog
G�U��RXHWRX]b.XoG KB��U�ÈoX]L½S&X]��U�Xi±°�.G�I��DKBW�Kf�JU�I�b�²8Î!E _u´ ��XoG �jU�IRbD�¼IB±&� ` X,�jX¾Ë!U����&� ` U
KB�.�DG�IOÅ*U�Q�KB��U�IRbD�]¿ÏÇ ` X,�jX b.XoMÐQ�X]�J�JKBWRX[�DKR�J�jU�b.W�KR��W�IRGJUy� ` Q����]KBbÑS°X
�jU�WRbDUyÁ&�]KBb�����N�Q�IRGJX!KR�o�o�.G Kf��XF� ` KBbÆIRG L*U�bDKBGJN�E _ Y.Kf�?KBb�KRLfÒ��D��� KBS.��X!U�b.g
�iGJX]K��jX!U�b[�iI�Qº�D��XoÅ
U���NR¿ Ã XTU������D�j��G Kf��X¶�j�D� ` K�bDXoMÏÎ!E _ KB��WRI�G�U�� ` QÓIRb
K½W�G�UVL 9 KRG���If�Tb.Xo��MuI�G���KBbDL�� ` IfMª� ` Kf�HUy�µWRU��RX,�=Q¶�D� ` Q�IRGJX?K��o�i�DGJKB��X
Q�KBGJWRU�bDKB�Â�.GJIRSDKRS.U���U���U�X]�H� ` KBbÆ� ` I���X�±¹I��.bDLÆ�D��U�bDWºI�GJL.U�bDKRG�N�E _ ¿
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> I*�]KB�?Û�S&X]��U�Xi±u�.G�I��DKBW�Kf�JU�I�bDÜ�²�E _u´ KB��WRIRGJU�� ` Q��?���D� ` K���� ` I���X½U�b��JG�I*L*�&�iX]L;S�N _ X,KBGJ�¼KBGJX
WR�&KBG KBb���X]X]L��JI;�iI�b���XoGJWRXT��I�� ` X��iIRGJGJX]�¦�!Q�KBGJWRU�bDKB�2�°I��j��X]G�U�IRG!�.GJIRS&KBS.U���U���U�X]�!U�b���GJXoXog���U���X
WRG KB� ` U��]KB�&QºI*L*X]���]¿2Ý.I�GuW�Xob.X]GJKR�Db.Xo��MuI�G��*�2M¾U�� ` ��I
IR�&�oY�� ` X���Uy�J�DKf�JU�I�b�UV�=Q¶�D� ` ��X]�J�u�o��X,KBG,¿
Þ bª� ` X[IRbDX ` KBbDL$Y?K¸b
�.QTS°XoGÉIB±	G�X,�jX,KBG � ` XoG � ` KO��X�XoQ��.U�G�UV�oKR����NÌL*X]Q�IRbD�j��G Kf�JX]LªWRI
I*L
�°XoG�±¹IRGJQ�KRbD�iX�±¹IRG¾E _ KB��WRIRGJU�� ` Q��µKB�.�D��U�X]L���I�b.Xi��MHIRGJ�*�=M¾U�� ` ��I
IR�D�]¿ Þ bDX!L.GJKRQ�KB��UV���]KR��X
UV�4� ` X¾bDX]KBGH� ` KBbDb.IRb*g¡��U�Q�U��a�&X]Gj±¹I�G�Q�KBb&�iXµIB±µÛ�Ç-�.GJS&I	�iI*L*X,��ÜDYBM ` I��jX�L*X,�iI*L*U�b.W	KB��WRI�G�U�� ` Q
UV�4X]ß��.U��OKR��X]b��(�JI	E _ I�bºKF��I�I��
N	b.Xi��MHIRGJ��à @.YBdfá¡¿(ÝDIRGa��IRQ�Xµ�.GJIRS.��XoQ��(U�b��oIRQ��.�*�JXoG2�
U���U�IRb
U�b���IR���
U�b.W�b.Xi��MHIRGJ�*��M¾U�� ` ��I
IR�D�]YÂE _³` KR�FKB�V��IÉ� ` IfM¾b���IÆS&X�KR�]�i�.G Kf�JXTKBb&L���IÆ�iIRb
��XoGJWRX
�RX]G�N�ß��.UV� �
��N·à @
Y4CRY¼e]á¡¿ Þ b�� ` XºIB� ` XoG ` KRbDL»YÂ±¹IRGFIB� ` XoGFb.Xo��MuI�G��*��M¾U�� ` ��I�I��D�]YÂE _ Q�KON
WRU��RX!�°I
IRG¾GJX]���.�y� �µIRGH±�KBU��»�JI��iIRb
��XoGJWRX¶àâe]á¡¿



Ý.I�GÆK�WRX]b.XoG KB��WRG KB� ` Y?��U��j�J��X ` K���S°XoX]b³�.bDL.XoG ���JI�I*LÑKRS&I��*�ÉM ` Kf��KB�.�.GJIOÅ*U�Q�KB��U�IRbÑE _
GJXo�.GJX]��Xob��J�]YaKBb&L ` IfMÓUy��Q�U�W ` �ºS°X�U�Q��.GJIf�RX,L»¿�Ç ` UV�º�DKB�°XoG,Ê �ºW�I�KB�HUV�º��I��.G�If�
UVL*XÉ� ` KB�
�.bDL.XoG ��� KBbDL*U�b.W¸KBbDL�U�b��JG�I*L*�D�oXÆK���Xi��IB±?b.X]MÓKB��WRI�G�U�� ` Q��¶GJX]���.�y�JU�bDW[±¹GJIRQã� ` Kf���.bDL.XoG�g
�j�JKBb&L*U�bDWD¿ Ã X�� ` IfMÏ� ` Kf�ºE _ UV�	� ` X�ÁDG ���TU�b·K��.GJIRWRGJX]�J��U�I�b[IB±µ��I
�]KB�aQ�X,���JKBW�Xig¡�DKR�J�jU�b.W
KB��WRI�G�U�� ` Q��]Y$X,KR� ` WRU���U�b.WÆX]ß��.U��fKB��Xob��½G�X,�j�D�y� �F��I;K��iI�G�GJX]���&I�bDL*U�b.W�KB�.�.GJIOÅ*U�Q�KB��U�IRb�±¹GJIRQ
�j�JKf�JU��j��UV�oKR�&� ` N*��U��]�H��bDIfM¾b�KR�=� ` X�ÛJË!U��
�D� ` UVÜ½KR�.�.GJIOÅ
U�Q�Kf�JU�I�b���I¶� ` X	ÎFU�SDSD�u±¹G�X]X�X]b.XoGJWRN�¿
Ç ` X,�jX�KB��WRI�G�U�� ` Q�� ` KO�RXÉ� ` X�KB�j�JGJK��¦��U��RXÉ�.GJIR�°XoG���N�IR±�S°XoU�b.W��D�jX]GjghKRLfÒ��D��� KBS.��XRcÉS
N·�DKON�g
U�b.W���IRQ�X½KRL.L.Uy�JU�I�bDKB�(�iIRQ��.�.�JKf�JU�I�bDKB�-�iI��j�]Y&IRb.X¶�oKBb�I�S*�JKRU�b;�oIRbD��UVL*XoG KBS.��X!U�Q��.GJIf�RX]Q�Xob��
U�b�� ` X;KR�]�i�.G KR�oN�IR±�I�b.XRÊ ��KB�.�.GJIOÅ*U�Q�KB��U�IRb$Y=KRbDLä�oKBbä�jI�Q�Xi��U�Q�X]��I�S*�JKRU�bªK �oIRb
�RX]G�W�Xob��
Q�X]�J��KRWRXog��DK�����U�b.W¶KR��W�IRGJUy� ` QåM ` Xob�I�GJL*U�bDKRG�N�E _ L*I
X]�µb.IR�?�iI�b���XoGJWRX�¿
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Ã X!K������.Q�X�� ` KB�µMHX	KBGJX?W�U���XobÉKRbÉ�DbDL*U�G�X,�¦��X,L�W�GJKR� ` UV�oKR�&Q�I*L*Xo�»IR±(ôõb.I*L*X]�µM¾U�� ` �DKBU�G�g
M¾UV�jX��°IB�JXob���UVKB�V��²8K 9 KBGJ�RIf��bDXi��MHIRGJ� ´ ¿��*�D� ` K�Q�I
L.Xo�=UV�	��XoGJN[WRX]b.XoG KB��Y-K��	X]�J��Xob���UVKB����N
KBb
N�W�GJKR� ` UV�oKB�(Q�I*L*Xo�a�]KBb[S°X��iI�b���XoG���X,L�U�b��JI�� ` U��F±¹I�G�Q�¿ºÇ ` Xº�j�JKB��X�IB±uX]KR� ` b.I*L*X�ö¾U��
L*X]b.IB�JX]LÆS
N�÷&ø�YDKBb&L�� ` XµÒ�IRU�b����.G�I�SDKBSDU���Uy��N�L.U��j��GJU�SD�*��U�IRbÆ±¹�.bD�i��U�IRb�UV�¾WRU��RX]bÉS
N

ù ²¹÷»úOûj÷°üRû]ý�ý�ý�ûj÷&þ ´=ÿ C� � ø���� ø�� ²�÷ ø ûj÷ � ´ � ø�� ø ²�÷ ø ´ ²�C ´

M ` X]G�X � øJ²¹÷°ø ´ UV��� ` X ��I*�oKR�ÉÛ�Xo�
U�L.XobD�oX]Ü·±¹I�GÉbDI
L.X[ö Y � ø���²¹÷&øJû�÷�� ´ U���� ` X¸�iI�Q��DKf�JU�S.U���Uy��NQ�Kf�JG�U�ÅºS°Xi��MHXoX]b�b.I*L*X,�aö4KBbDL
	&Y
KBbDL � UV�=K	b.I�G�Q�KR��U�È]KB��U�IRb��iI�bD��� KBb��]¿���IR��X?� ` KB�uMHX?KBGJX
���.SD���.Q�U�b.W�KRb�N�Á.Å*X]LÆXo�
UVL*XobD�oX!b.I*L*X]�¾U�b���I�IR�DG�L*XiÁDbDUy�JU�I�bÆIR± � øJ²¹÷&ø ´ ¿Ç ` X½�j�JKRbDL.KBG L�E _ �.�ÂL.Kf�JX	G��D��X,�¾KBGJXRc
 ø�� ²¹÷ � ´�� ������� � ø�� ²¹÷ ø ûj÷ � ´ � ø ²¹÷ ø ´ ���� þ�� ø������ 
 � ø ²¹÷ ø ´ ²8@ ´

 øj²¹÷°ø ´�� � � øJ²¹÷°ø ´ ��!� þ"� ø�� 
 � ø ²¹÷°ø ´ ²�\ ´

M ` X]G�X � L*X]b.IB�JX]�[KÑb.IRGJQ�KB��U�È,Kf��U�IRb �oIRbD�j�JKRb���KBbDL ô�²�ö ´$# 	³Q�X]KRbD�[KR���¶b.I*L*X]� b.XoU�W ` g
S°IRGJU�b.W�b.I*L*Xªö Y�XoÅ*�oXo�*�%	&¿ ��X]G�X 
 ø�� GJXi±¹XoG ����I0� ` X Q�X]�J��KRWRXä� ` KB�·b.I*L*X ö[��XobDL.���I³b.I*L*X%	³KRbDL  ø UV��� ` X�S°Xo��U�Xo±[²�KB�D�.G�IOÅ*U�Q�Kf��X¸Q�KBGJWRU�bDKR�	�&I����JXoGJU�I�G��.G�I�SDKBSDU���Uy��N ´ KB�
b.I*L*X öJY?IRS*� KBU�b.X]L S
NªQT�D�y�JU��.��N
U�bDWÌKB���FU�bD�oIRQ�U�b.W�Q�X]�J�JKBWRX,����I�� ` KB�Éb.I*L*X S
NÌ� ` X���IRg
�oKR��Xo�
UVL*Xob&�iXR¿0�
U�Q�U���KRG���NRYHMHX;�oKBb L*XoÁDb.X�� ` X�S&X]��U�Xi±  ø���²¹÷°øJûj÷�� ´ KB��� ` X[�DKBU�G�IB±!b.I*L*X]�
²¹÷ ø û�÷ � ´ K���� ` X;�.GJI
L.�D�¦��IR±�� ` X;��I
�]KB���°IB�JXob���UVKB�V��KRbDLªKB����Q�X]�J��KRWRX]��U�bD�oIRQ�U�bDW �JI·� ` X
�DKRU�G¾IR±(b.I*L*X,�oc  ø�� ²�÷ ø ûj÷ � ´=ÿ&��' ø�� ²¹÷ ø û�÷ � ´)( �!� þ"� ø*����� 
 � ø ²¹÷ ø ´)(,+ � þ�� �$���Jø 
 + � ²¹÷ � ´ Y&M ` XoGJX' ø�� ²¹÷ ø ûj÷ � ´.- � ø�� ²¹÷ ø ûj÷ � ´ � ø ²�÷ ø ´ � � ²¹÷ � ´ ¿/�0�132547698 > Xi�;: 
 ø��=<µS&XµK?��Xi�4IB±°E _ Q�X]�J��KRWRX]�(KBb&L	��Xo�>:  ø��Rû  ø�<HS°X=� ` XHS&X]��U�Xi±��2�]KB�V�i�.�VKf�JX]L±¹GJIRQ � ` I��jX¶QºX,���JKBW�X]�]¿¾Ç ` Xob�� ` XTS°Xo��U�Xi±��FKBGJX	Á.Å*X]L
g¡�°IRU�b�� ��IR±2� ` XºE _ KB��WRIRGJU�� ` Q Uy±=KRbDL
IRbD��N�U�±(� ` X]NÉKBGJX!ÈoX]G�IºWRG KRL*U�Xob��¾�°IRU�b�� �µIB±(� ` X½EHXo� ` XF±¹GJXoX	XobDXoGJWRNRY�?A@$c? @ ²�:  ø��Rû  ø�< ´ ÿ �

ø�� �� �CB ��DE ø���²�÷&øJûj÷E� ´ à ��b  ø���²¹÷°øJûj÷�� ´GF ��b ' ø���²�÷&ø�ûj÷E� ´ áF �
ø
²IHoø F C ´ � � �J øJ²¹÷°ø ´ à ��b  øj²�÷&ø ´�F ��b � ø�²¹÷&ø ´ á ²¹l ´

���.S*Ò�X]�i�;��IÑ� ` X�bDIRGJQ�KR��U�È]KB��U�IRb KBb&LÀQ�KRG�W�U�bDKR��U�È]KB��U�IRb��iI�bD���JGJKRU�b�� �ocLK � �  ø ²�÷ ø ´äÿ CRYK � �  ø���²¹÷°øjû�÷�� ´=ÿ  ��²¹÷E� ´ ¿�²IHoø2UV�H� ` X	b
�.Q¶S&X]G¾IB±4b.XoU�W ` S°IRG �HIB±4b.I*L*X!öJ¿ ´
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