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Abstract

Spectral methodsse selected eigenvectors of a
data affinity matrix to obtain a data representa-
tion that can be trivially clustered or embedded
in a low-dimensional space. We present a the-
orem that explains, for broad classes of affin-
ity matrices and eigenbases, why this works:
For successively smaller eigenbases (i.e., using
fewer and fewer of the affinity matrix's domi-
nant eigenvalues and eigenvectors), the angles
between “similar” vectors in the new represen-
tation shrink while the angles between “dissim-
ilar” vectors grow. Specifically, the sum of the
squared cosines of the angles is strictly increas-
ing as the dimensionality of the representation
decreases. Thus spectral methods work because
the truncated eigenbasis amplifies structure in the
data so that any heuristic post-processing is more
likely to succeed. We use this result to construct
a nonlinear dimensionality reductioni(DR) al-
gorithm for data sampled from manifolds whose
intrinsic coordinate system has linesrd cyclic
axes, and a novel clustering-by-projections algo-
rithm that requires no post-processing and gives
superior performance on “challenge problems”
from the recent literature.

Introduction

in an unknown “feature spate and locally linear embed-
ding (LLE) [23] uses a matrix containing correlations of
samples’ barycentric coordinates.

Spectral methods have been even more successful for data
clusterings and graph partitionings: Spectral bipartitioning
[9, 6] cuts a graph in two by thresholding the second eigen-
vector of the graph’s normalized Laplacian matrix, and nu-
merous clustering algorithms use selected eigenvectors of
dot-product or kernel matrices to re-represent the data for
clustering by simpler heuristics such as thresholding or K-
means ?5, 2,5, 7, 27, 21, 29, 13, 3, 18, 19, 4, 20, 22].

While the statistical basis and optimality A is well
understood, virtually all other spectral methods are moti-
vated by imperfect analogies between data-derived graphs
and physical problems (e.g., harmonic anafysiad ran-
dom walks), or as approximations to other problems (e.g.,
vector quantizationZ], min-cut [27], or max-flow [6]).

Underlying all this work is the notion that the truncated
eigenvector basis somehow makes the problem simpler for
the subsequent analysis. Our theoretical goal is to explain
how and why this works.

Embeddings and clusterings imply loss of information,
but there has been little effort to bound or even quantify
what is lost and characterize what is conserved. This is
acutely true for the vast majority of algorithms in which the
spectral analysis is just a prelude to further information-
lossy data analysis. Promising steps in the right direc-
tion include work by Alpert & Yao 2] that equates spec-
tral partitioning with vector quantization (thereby imply-
ing an objective function), and analyses by Fiedler, Per-
ona & Freeman, Shi & Malik, Meila & Shi, and Weiss et

Spectral methods for multivariate data analysis are notablgI [0, 21, 27, 29, 19, 20] that justify using one or a few
both for their pra_wncal SUCCESSES and for their rap|dly de'eigenvectors as a cluster indicator when the data is already
veloping theoretical underpinnings. A spectral algorithm

toically bedins with an “affinity matrix” of bairwise rel clustered or nearly so. In particular, if the affinity matrix
ypically begins an “ammnity ma of pairwise re1a- already has a block structure, then some of its eigenvectors
tionships between the samples or the variates, and deriv

a more useful representation of the data from its ei en%" be piece-wise constant, such thatif itemand j share
-P S 98N uster membership, elementand j in these eigenvectors
value decompositione(/D), often using just one or a few
eigenvectors (a truncated eigenbasis). Many classic dimen- Feature space is the “linearization space” of Aizerman et al.
sionality reduction and nonlinear embedding algorithms[1], in which Euclidean relationships between points are consis-
have this character: Principal components analyss) tengmtg ;hgeeﬁegﬁlo?:lg;Ifrgrya?hggsnucfrﬁal' ed Laplacian mai
. y . ‘. T . | \ 1z | 1X
[11] .uses the variates’ covariance m,at”_x’ r_nultl(_jlmensmnalare analogous to the modes of vibration the graph would exhibit
scaling 4Ds) [16] uses the samples’ pairwise distance ma-it shaken pJ.
trix; kernelPCA[1, 24] uses a kernel matrix where the ker-  3The eigenvectors of a stochastic matrix describe the steady-

nel functionk (x;,x;) represents the dot product of samplesstate properties of an infinite random walk on the graph §].
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will have the same value?p, 19, 20]. For nearly clustered 2 The polarization theorem
data, the eigenvectors are approximately piecewise.

. . . L
However, this leaves open many questions, parUcuIarI;h
vyhen the data |9()_tr)early c!ustered: What spgqal proper= eigenvalues sorted in descending order on the diagonal of
ties should the affinity matrix have? Stochasticity? Unit di- Define representatioX = AY2yT and let truncated
agonal? Positive definiteness? Unit spectral radius? Whicp, . - -
. .“representatioiX ) be the topd rows of X—the d princi-
and how many eigenvectors should be used? What in-." ) pd b

S . : . pal eigenvectors scaled by the square roots of their associ-
formation is conserved in a truncated eigenbasis? ObV|IEJ 9 y q

v, th o th i hould inf thated eigenvalues. A well-known property of such truncated
ously, the answers to these questions should inform ng, ¢ is thatA q) = XTd X(a) is the best rankt approxima-
post-processing of the eigenvectors. (d

) o ] tion to A with respect to the Frobenius norm; equivalently,
In this paper we develop a unifying view of spectral meth-ine most energy-preserving projection to rahk
ods that answers many of these questions and gives gui?_—et v

ance for the construction of clustering and nonlinear di- ¢ (d) bf;e( an ar:glfh—pres?rvmg fp;oagcuon .Of tr;ehcolumn
mensionality reduction algorithms. For most of our dis- YeCtOrS 012 () Onto the surface ot e-dimensional hyper-

cussion, it will be useful to think of the affinity matrix sphere_i_hobtaln:adbb)t/ scaln:g eaclh columnXQg).to;(Jmt
in terms of a (possibly unknown) kernel: Affinity value "OM™- | etfms © e\‘("’eer_‘ WO column vectirs; € X )
Ajj = K(Xi,Xj) = ®(x;) " ®(xj) is the dot product of two (equivalentlyyi,y; € Y ) is

vectors representing the (usually unknown) locations of T

pointsi and j in a high-dimensional feature space asso- Bij = Z(xi,Xj) = arccos— ——- 1)
ciated with the kernel. Spectral analysis gives a new data il 1
representation deri\{ed from the e_igenvalues and. eigenvegnd the correlation between two vectaxs X € X
tors of the symmetric affinity matriA. To summarize the  (equivalentlyy;,y; Y () is

main theoretical result:

et A € ®P*P be a non-negative definite symmetric matrix
aving eigenvalue decompositioeMp) VAV " = A with

(d)

(1) An eigenvalue-scaled eigenvector representation of the corr(xi,Xj) = YiTyJ = C0sbjj. 2
data encodes angles (equivalently, correlations) between
points embedded in the surface of a hypersphere. We may now state the main result:

(2) V\Illhetn the rgtprgsentatlonlls truphcated Fy suppressing tr?heorem (polarization): As positive (resp., nhon-
smallest magnitude eigenvalues, the angies (equlv.,corre "f’fegative)A is projected to successively lower ranks
tions) between high-affinity points are least distorted, high- h N d
. . . A(D,l),A(sz),H~,A(d),~--,A(2),A(1),t € sum ofr square
lighting the manifold structure of the data. | . (OS2 valentl d

(3) As the representation is further truncated, the angle&"9 'e-cosmeiz,#(cg ”,) (equwa ently squared cor-
(equiv., correlationsjlecreasebetween points having high relations ||Y_(d)Y<d)HF) is strictly increasing (resp.,
affinity and increasebetween points having low affinity, Nnon-decreasing).

highlighting the cluster structure of the data. In short, as the dimensionality of the representation is re-

In short, nonlinear dimensionality reduction and clusteringduced, the distribution of cosines migrates away from 0
can be obtained from the same process. The theorem fgward the two polestl, such that angles migrate from
limited to symmetric non-negative definite affinity matri- 8ij = /2t06;j € {0, 1t}

ces, but a corollary establishes relevance to non-positiv&he full proof requires a large number of lemmas and runs
matrices as well, and to asymmetric matrices (8yvia  to several pages; because of page limits it will be published
their GramsB B orBB'). separately. The following proof sketch gives the flavor

In the remainder of the paper we leverage this theoren®f the argument: The identity di&y) = (V o V)diagA)
into novel methods for nonlinear dimensionality reduction@llows one to derive the distribution of the nonzero
(NLDR) and clustering. TheiLDR algorithm maps the data €igenvaluesfys,---,yq] of the cosine matrix Y ) =

to a mixed vector and toric space, with the linear or CyC|iCdiag(diag(A(d)))—1/2A(d)diag(diag(A(d)))—1/2, One can
nature of each axis determined from statistical tests. Thehen show that asl | 1 the variance of the eigenvalues
clustering algorithm works entirely by projections, whose grows. However, the projection onto the hypersphere keeps
information loss is easily char_acterized and min_imized Olthe mean root-eigenvalue constanﬁ@i" yil/2 — 1. There-
bpunded at each step. Experiments show that it produceg o e sumydy = traceY [, Y (@) = Y[ Yo l2 =
high-quality clusterings of a wide variety of “challenge ) (d) "¢ (d)

problems” exhibited in the recent literature. We also useXi#i(€0S8ij)”+ D grows monotonically.

it to solve an unusually difficult visual segmentation prob- The following two corollaries will be developed into algo-
lem. rithms in the remainder of the paper:

Corollary (embedding): Suppressing the smallest-
magnitude eigenvalues Afgives a d< D dimensional em-
bedding in which small angles are least distorted.



This unsurprising corollary is quite similar to the motiva- length between two points inversely related to their affinity
tion for PCA. In our case, the mass-preserving embeddingscore. Let us choose a dimensionatitthat truncates only
spreads the data out on the hypersphere surface, preservitige lesser eigenvalues of the affinity matfix As in PCA,
small angles most accurately because their cosines conthis choice is usually a matter of eyeballing the eigenvalue
prise most of the energy in the affinity matrix. This meansspectrum, unless one has prior knowledge about the true
that local relations between nearby points are well prenoise levels in the data and how they affect the kernel.

served. In the next section we show that this allows one tGince it is difficult to work with spherical embeddings, our
construct a relatively low-dimensional embedding for affin- g5 is to “re-embed” the data in a vector space, where pos-
ity data, with the unusual feature that the embedding spacgjpje. Letp be the point on the hypersphere surface having
may have both linear and cyclic degrees of freedom. smallest arc-length to all points i and let[uy, - -, ug_1]
Corollary (clustering): Truncation of the eigenbasis am- be an orthogonal basis of the hyperplane tangent to the sur-
plifies any unevenness in the distribution of points on theace atp. (Note thatU = [uy,---,uq_1,p] satisfiesU U =
d-dimensional hypersphere by causing points of high affini.) Eachu; specifies a direction around the hypersphere
ity to move toward each other and other to move apart.  which can be visualized as a great circle parallaitand

In short, the distribution approaches a clustering for smalPassing througp. Eachu; can be interpreted as one of the
d < D. This explains many, if not all, spectral clustering @xes of a projection t&® ® x 7°—the Cartesian product of
methods: Using a subset of all the eigenvectors emphasizé§ &-dimensional vector space andalimensional torit

the data’s cluster structure, improving the output of anySPace—witha+b =d—1. If the data wraps fully around
heuristic clustering procedure. This doest mean that the the hypersphere along direction, then axisi is cyclic; if
lowest-dimensional embedding is the best one for clusterthe data wraps only partway around the hypersphere along
ing; there is a tradeoff between amplifying cluster structuredirectionu;, then axisj is linear.

and losing information. In sectiofy, we show that by us- Much aspPca axes are statistically motivated from multi-
ing a large subset of eigenvectors one can depend entirelariate gaussian distribution, the tangent pgirgnd axes

on projections an@vDs to do the clustering, removing the U can be estimated by fitting a gaussian distribution to the
need for heuristic post-processing. surface of a hypersphere. The complex Bingham distribu-

Although the theorem is limited to non-negative symmet-tion [15] is a multivariate gaussian density pre €59

ric affinity matrices, it also has explanatory value for spec-C® conditioned on the fact that all vectors are unit-length
tral methods that employ selected eigenvectors of nonlY'Y = 1, wherey* denotes complex conjugate transpose):
positive matrixes: Every real symmetric matrix can be writ- 1 .

tenC = A — B where positive semi-definite matricasand p(y|Z) =C(Z) " exply"Zy). ®)

B satisfy rankA) +rank(B) = rank(C) andA, constructed
from the positive part ofC’s spectrum, is the best (least-
squares) gram approximation @f (one offering a real-

valued decompositioA = X " X). The theorem applies to ) . o
. . _ ters of the density. A strongly negativg < O indicates
A. For example, Weiss2P] showed that clustering meth that the density has little extent along directign The last

e o L. 10 e 9evectous it ot mode f e srbuton, s

problems with non-positive Laplacian matrices, these al? _tu.d' Thilnorrpﬁhzmg const?m(fZ) |st9aéculi2ed Vr']"’.‘ tﬁe

gorithms ultimately consult a single eigenvector from the mairix contiuent Nypergeometric iunctiai [14], whic
- g : in this case has a compact form discovered by Keg [

positive part the spectrum of the normalized Laplacian ma-

trix. It is worth noting that it follows from basic properties d 1

of the normalized Laplaciarf] that either (1) this eigen- CE) = 1R(35, 5 diag(Ky, - Kd])) (4)

vector is only approximately piecewise constant, present- d1 &

ing some uncertainty for the final clustering, or (2) eigen- oty — - (5)

value multiplicity makes the choice of eigenvector ambigu- =1 iz (Kj — ki)

ous. The polarization theorem suggests that additional rel- ) o

evant information lies in the remaining eigenvectors; belowJUPP and Mardia 17] showed that the direction vec-

we construct an algorithm that exploits this information andtors inU and the concentration parametgxs, ---,Kq1]

eliminates the abovementioned ambiguities. are related to the scatter o through its EvD

Udiag([A1,---,Ad)U =YY T withO< A < A2 < - < Mg

The complex Bingham is parameterized by hermitian ma-
trix < = Udiag([K1,---,Kq])U* whose eigenvalueg; <
Ko < -+ < Kg_1 < Kg = 0 are the concentration parame-

3 Dimensionality reduction 4A toric spaceZ" = (51)" hasn cyclic axes but, unlike spheri-
cal spacgs", every point has a unique set of ordinates modutp 2

. . there are no poles presenting singularities. E.g.: when walking,
Motivated by the first corollary above, we observe th@t) leg and arm phase are two cyclic variatesZif; but the orienta-

is a low-dimensional nonlinear embedding of the data ontQjon of a featureless cone in 3-space is described by two variates
the surface of al-dimensional hypersphere, with the arc- in 52 (a.k.a. Euler angles).



satisfying
B 0 IogC(Z) 500 points from swiss roll + noise side .view

For large sample sizes with concentrated density~
—c/Aj for some constant. Numerical solution for the
concentration parameters in higher dimensions is feasible
but nontrivial. Fortunately, for dimensionality reduction,
knowing theeEvD of the scatter suffices: Its eigenvectors
U = [ug,--+,Uq_1,p] areexactlythe maximum likelihood
(ML) estimate of the point of tangency (a.k.a. modal direc-spherical embedding from affinities  top view map to 2D vector space
tion) and the axes of the tangent space, while its eigenval- x
ues|Ai,---,Ag] give a rough indication of which axes are
cyclic: A small eigenvalueX; = 0) indicates that the data

is approximately linear in direction;; a large eigenvalue

(Ai = Ag) indicates the axis is cyclic.

random points on cylinder | sideview Figure 2: Dimensionality reduction of points distributed on

Silied E a curled plane in 10 space to the @ vector spac& 2. The
data is analyzed as in figuie but the spherical embedding
does not wrap all the way around the equator. The sta-
tistical test indicates that the data is Bingham-distributed
in both directions, so the sphere’s surface is azimuthally
mapped to a2 vector space, recovering the original planar
coordinate system. Since the original data manifold passes
spherical embedding from affinity matrix side view with Bingham axes close by itself, some points, partiCU|ar|y at the ends, have
affinity for nonlocal neighbors, resulting in some distortion
in the recovered coordinates.

to assess the hypothesis that a distribution on the (perime-
ter of the) unit circle is uniform rather than complex Bing-
ham: Lety;, y» be the eigenvalues of the normalized scatter

_ _ o _ _ o ZZ" /n. Then, for large data-sets £ 0),
Figure 1: Dimensionality reduction of points distributed on

a 3 cylinder (in 1@ space) to the@spaceR ! x 71—one 3n(y1 —y2)? ~ X2, @
linear axis and one cyclic axis. 500 points are randomly

generated on the surface of a 8ylinder embedded in 10 wherex3 is a chi-squared distribution with three degrees of
space, and contaminated with isotropi@ifaussian noise. freedom. Thus we may reject the hypothesis that axis
The top two images show @3and a ® projection of the  uniform (cyclic) with confidence Rg3 > 3n(y1 — y2)?).
points. The bottom two images show an embedding of theynce identified, the non-cyclic axes are isolated by pro-
afflnlty matrix on the surface of aBsphere. The embed- jecting Y onto the union of the non-cyclic axes apd
ding forms a wide belt around the equator. The amowspen rescaling the resulting vectors to unit norm.  After

show the modal direction and two degrees of freedom of,yiection onto this reduced hypersphere, the modal point
a Bingham distribution fitted to the embedding. Statistical;g [0,---,0,1] and the Bingham axes are similarly axis-

tests for uniform_ity indicate that the_: dat_a is cyclic arounda"gned_ An azimuthal equidistant mapping at the modal

the equator but linear in the other direction. point then takes the points into a vector space. The pro-
cess is illustrated in figuré for 10D points noisily sam-

To test more precisely whether the data is cyclic in direcPled from a @ nondevelopabfe manifold having genus

tion u; around the surface of the hypersphere, consider thé (& cylinder) and in figure for 100 points noisily sam-
projection of the data onto the great circle parallekfo  P/€d from a @ developable manifold having genus 0 (a
and passing through the modg. A uniform distribution ~ rectangular plane curled into a “swiss roll"). The affinity
on this circle & ST = 71) implies that the data is cyclic matrix for all data-sets in this paper #8j = k(xi,x;) [

in dirECtionTui- The projection isZ = [z, ---,2zy] with 5A “developable”d-dimensional manifold embedded iR"

zj U [ug,ui] 'yj, [|zj|| = 1. With this projection, we can can mapped t& 9 without internal distortions, e.g., a developable
apply a result of Mardial[7] which gives a statistical test surface can be unrolled and flattened without stretching.




exp—(||xi — x;||2/20?), whereg is taken to be the average
of the distances between each point and its closest neigl
bor (which we denot@s). For simplicity of analysis, we
normalize the affinity matrix by projecting it to the nearest
doubly stochastic matriR = diag(d)Adiag(d) using a fast
modification of the Sinkhorn procedurgq] to solve ford
satisfyingP1= 1 (andP"1 = 1 sinceP" = P). While not
crucial to this method, a doubly stochastic matrix has twa|)
properties that make it appealing as a model of the date

P can be interpreted as the transition probabilities of a ran
dom walk on the data; arféls largest eigenvalubmax=1

has corresponding eigenvectoy O 1, which implies that

the stationary distribution of the random walk is uniform
(every point is equally probable). To obtain the embed-
dings in the figures, we discarded the totally uninformative
uz and constructed 4 as in sectior® from eigenvectors

2-4 of P, then fitted Bingham densities to the results to de- ©
termine the appropriate embedding®# x 7°.

One could also make embeddingsii? x 7% x $¢, though

Figure 3: Spectral clustering of data distributed in three

. formity h h ; . rings. (a) Cluster assignments are indicated by different
testing uniformity hypotheses of for ¢ > 1 requires ex- markers. (b) The initial log-affinity matrix, sorted by true

plicit calculation of the Bingham concentration parameters sters (the algorithm is blind to such orderings). (c) The

In practice, we find that theiL. modal estimator for the b iy ot convergence after 4 iterations. (d) In the con-

complex Bingham distribution is rather sensitive to nqise;Verged representation, all the points belonging to any one
many samples may be necessary to get a good estimatg a1 are co-located in a “corner” of a3phere.
Fisher or Watson distributions may be better behaved, but

currently they are less tractable analytically and computa-

tionally. We turn now to the problem of clustering, where wise constant, and therefore easy to interpret as cluster as-

we obtain an easily analyzed, highly competitive algorithm.signments. However, such structure is not guaranteed for
real problems, and some post-processing is necessary.

4  Clustering Our goal in visiting this already crowded field is to elimi-
Spectral methods have been extensively studied in grapﬁaFe heuristic post-processing steps. Based onthe our theo-
retical result, we constructed one (of many possible) spec-

partitioning and <_:Iuster|ng problems. F.'Edléﬂ [f'rSt tral clustering algorithms in which there is no p&sitp
showed that the eigenvector of the Laplacian matrix corre-

sponding to the second eigenvalue gives an embeddin cgustering or thresholding; instead, the stochastic eigenvec-
P 9 o ge €9 . 9 Qrs form a discrete indicator matrix showing the member-
the graph in a real line; cutting this embedding at the ori-

gin gives a bipartitioning of the graph. This was extendedShlp of eéCh point. ] ]

to k-way partitioning where the feature points are mapped?Ur basic strategy is to cast clustering as two alternat-
into a k-dimensional space with the new coordinates bedN9 Projections: Projection to low-rank, and projection to
ing the normalized row vector of the matrix formed by the the set of zero-diagonal doubly stochastic matrices. In
first k eigenvectors of the affinity matrix2p, 26]. Simi- both cases it is easy to character!ze .what is conserved
larly, in Ng et al. p0], the normalized row vectors of the and quantify what is lost. The projection to lower rank
matrix formed by the firsk weighted eigenvectors are used A — A() (Or P — A(q)) is exactly the process character-
as the input to a k-means clusterer, and a perturbationé?ed by the polar.lzanqn.theorem: We polarize the distribu-
analysis was used to show that the results should be stdon of angles with minimal loss of energjA — A(t’)”%-

ble if the data is already “nearly clustered”. In Chan et The projection to a zero-diagonal doubly stochastic ma-
al. [5], the directional angle between the row vectors of thelliX A() — P = diag(d)(A ) — diag(diag/A(q))))diagd)
first k eigenvectors of the Laplacian matrix was used as £UPPresses any differences in the stationary probability
new distance measure for partitioning. Alpert & Yaz) [ ©f points induced by the projection to low-rank. Disre-
equated partitioning with the problem of clustering thesedarding the suppressed diagonal, this projection is simply
row-vectors, and found that the more eigenvectors used, th@ angle-preserving rescaling of the embedding vectors,
better. Spectral bipartitioning methods were adapted for viPecause dia@)A q)diagd) = diagd)X 4 X g diagd) =

sual clustering problems by Perona and Freenzdhdnd (X(d)diag(d))T(X(d)diag(d)). Suppressing the diagonal
Shi & Malik [27]. Analyses by WeissZ9] and Meila & Shi  induces negative eigenvalues in the spectrui ¢dssoci-

[18, 19] showed that normalizing a nearly block-structured ated with removing energy placed on the diagonal by the
affinity matrix makes its eigenvectors approximately piece-positive eigenvalues); these eigenvalues account for less




. s N Y
o ! :
Ty AV B : :
s i1 ‘ .
g %émcz %&o °°°oo°o°°%
@ (b) (c)

(d)

Figure 4: A gallery of “challenge problems” adapted fragf][and successfully clustered by our method. Cluster member-
ship is indicated by marker symbol. As with all radial kernel methods, clustering reflects connectivity and scale similarity;
thus the size of the kernel has an effect on the results: The same data-set is differently clustesed ®ty in (c) and

0 = 205 in (d) (settingo = o5 breaks the sides from the corners). A very similar data-set was only bipartitioned after a
search oveo in [20]. Similar results can be observed for (e) and (f) where as/2 for (e) ando = o for (f).

than half the energyP||2 in P. We project to lower rank by  quite quickly.

suppressing the negative eigenvalues and the uninformatiig/hen the affinity matrix is produced by a gaussian kernel,
unit eigenvalue. This gives an automatic determination otpig procedure groups points that all have similar affinity

d and a bound on the loss of variance. The alternating proggjyes, essentially creating clusters where the inter-point
jections terminate when the resultiRgmatrix has two or  gistances are all on the same scale. Clusters may be non-
more stochastic (unit) eigenvalues, implying reducibility. convex and wrap around each other (e.g., figtae fig-

(A reducible matrixP can be row- and column-permuted e 4pef; figureSab), but the results are generally in agree-
into block-diagonal form, e.g., figurg). ment with human judgment; some authors have drawn con-
Analysis: It can be shown thafl) If P has unique posi- nections between gaussian kernel clustering and human
tive nonstochastic eigenvalues, alternating the projectionperceptual gestalt[, 20].

P — A(g) andAq) — P will drive the leading eigenval- Tjs procedure automatically produces multi-way parti-
ues up toward the positive bourd < +1 and all other  tjons without prior knowledge of the number of clusters.
eigenvalues down toward the negative bodng —1. For-  However, if the data contains clusters at different scales,
mally, the vector norm of the eigenvalues increases whilghe p matrix may become reducible before all the clusters
their sum remains constar{2) OnceP becomes reducible paye peen revealed, only giving a partial clustering. Often
(has multiple stochastic eigenvalugs= +1), the matrix e find that some remaining non-stochastic eigenvalues are
Xk whosek columns areP's stochastic eigenvectors has ¢jpse to 1, indicating the clusters can be further subparti-
exactlyk unique rows(3) LetZ ,, be a matrix formed from  jgned. We partition th® matrix according to its stochas-
these rows. The produ@k)Z(Tk) is diagonal and the prod- tic eigenvectors and continue the alternating projections on
uctX(k>Z(Tk) (Z(k)Z(Tk))*l = X(k)Z(j& is a binary (0/1) cluster it§ submatrices, thereby obtaining a hie.rarchical clustering.
indicator matrix that maps all points in a single cluster to aFigures treats a well-known problem this way.
unique positive axis oR ¥ (e.qg., figuresd).
It remains to be shown whether the conditions in (1) ar
sufficient to guarantee absolute convergence. All our exSpectral clustering has become the preferred method for
periments, including those of figur&s6, have converged segmentation problems in computer visi@d,[7, 27, 21,

18, 29, 10, 4, 22]. Motion segmentation (e.g./]) takes

e4.1 Application to motion segmentation



(c) individual clusters, separated to show correctness of segmentation

v
T
R
o4t

Figure 6: Nonrigid motion segmentation by spectral clustering. 500 framestodi@king data from three people are scaled,
centered, and superimposed to remove spatial cues that might aid grouping. The tracking matrix is PactdvESlvia

svD; spectral clustering of the columns 8fcorrectly groups the points on the basis of correlated motion though time.

The grayscale images depict the top ten eigenvectors of the affinity matrix at initialization (far left) andPahtitex at
convergence (far right) after 11 iterations. At initialization, there is a noisy hint of the clustering in eigenvectors 2 and 5;

at convergence, the clustering is clear in piece-wise constant eigenvectors 1-3, which are associated with unit eigenvalues.
Other eigenvalues are near 1, indicating that the faces can be subpartitioned; this results in segmentation of the jaws.

rectly fromP. Instead, a “thin"svD can be used to factor

CC P — MS= (MG 1)(GS), but unknown matrixG may ar-
° 0 bitrarily re-order or mix the columns &, destroying the
o T . orthogonal structure. However, if the motions of the ob-
oo E o jects are approximately independent (they are never per-
°o 0o’ fectly so), two columns irS belonging to the same ob-

(@) (b) ©0g500°

ject will be more similar than two columns belonging to
different objects, in the sense that their inner product will

[18] and [20]. Our algorithm first gives a bipartitioning (a), be more positive because the motions of the corresponding

then recursively analyzes the two subsets, using submatrP—OimS is highly correlated. Therefore spef:trally clustering
ces ofP from the first partitioning. In the second round one ]tche columns_ ob r;]as bee? fognd _to to tl;e highly successful
subset is immediately bipartitioned to give (b). One point'©" Ségmenting the set of points into objects (ed).[
appears mis-classified but its assignment may be consisteiwvo objections have been leveled at this approach: (1) It
with the kernel, since its distances to other points are mor&as only been applied to sequences in which the points can

consistent with the scale of inter-point distances on the linde segmented easily using simpler criteria such as spatial
(o’s) than of those in the tight clustef§). grouping. This is understandable; no one has tracking data

for overlapping objects. (2) It is not clear that the method

) o would extend to nonrigid objects, where the motions of
20 tracking data for a number of points in the scene, andyints on one object are more weakly correlated.
seeks to group those points into independently moving 3

objects on the basis of correlated motion. Time®ojec-

Figure 5: Hierarchical clustering of a problem treated in

To satisfy these objections, we constructed an unrealisti-

o of N ot o th i 0 sufce of bjcy mmage  £41Y 194 seaeialon poblr by superos cense

It is given byP¢j € RN = M¢;S;, where motion matrix -iracking o 9 . o
motion is highly nonrigid. To remove spatial separation

M j encodes the position of the object relative to the Cam_cues the data for each head was centered on the origin in
era, and shape matrg € ®>N or € RN gives the ® ' 9

: o . each frame, so that when the data is combined all three
location of the points in object-centered or homogeneou . .

. ; . ) ; aces overlap and there are no spatial or translational cues
coordinates. With multiple frames and multiple objects,

for segmentation. After centering, the motion of some
P — MSc¢ KZFX(N1+-~-+NJ) 8) points on a face is actually anti-correlated with most of
the other points of the face (e.g., lower-lip versus upper-

_ Mip - Mu S 000 lip points). To accommodate the nonrigid motion, we in-
= : L 0 . 0 | (9 creased the rank of trevD by a factor of 5 § € R15<N),
Mg1 -+ Mgy 0 0 S which allows 5 modes of deformation per object but yields

a harder, higher-dimensional clustering problem. Figure
Each column of5 describes one point; columns represent-shows thatS is perfectly clustered, yielding the correct
ing points from two different objects are orthogonal (Two motion segmentation. The tracking data, the evolution of
columns from the same object may be orthogonal as wellthe dominant eigenvectors, and the extracted clusters are
but no column can be orthogonal to all columns from theshown in the accompanying video.
same object). Unfortunately% cannot be recovered di-



5 Summary [6] F.R.ChungSpectral graphtheorwolume 92 ofCBMS Re-
gional Conference Series in Mathematiésmerican Math-

Spectral methods practitioners have long understood that  ematical Society, 1997. _ o

a representation derived from selected eigenvectors of thd?] J. Costeira and T. Kanade. A multi-body factorization

affinity matrix somehow makes embedding and clustering \n}:gitgr?dpgorlrgfltf’fo%alfggé IRroc. Int. Conf. Computer

problems easier for subsequent heuristic algorithms. To[g] j. Demmel. Lecture notes on graph partitioning, part 2,
date, formal analyses have justified this approach only for  April 1999. Notes for UC Berkeley CS267.

problems with very obvious cluster structure and for cer- [9] M. Fiedler. Algebraic connectivity of graph€zechoslovak
tain kinds of affinity matrix. The polarization theorem of Mathematics Journal23:298-305, 1973.

. - o . . [10] Y. Gdalyahu, D. Weinshall, and M. Werman. Self organi-
section2 provides a unified explanation for virtually all zation in vision: Stochastic clustering for image segmenta-

the algorithms and aﬁlnlty matrices in the cited literature: tion, perceptua| grouping, and image database organiza’[ion_
There exists an eigenvector representation which matches IEEE Trans. on Pattern Analysis and Machine Intelligence
the angles between data-points in feature space; as the di- = 23(10):1053-1074, 2001.

: : : R H. Hotelling. Analysis of complex statistical variables in
mensionality of this representation is reduced, angles b ] H. He .
. . . . ’ S rincipal components]. Educational Psychologp4:417—
tween similar points shrink while angles between dissimi- 241 598—52010 1933. y o%

lar points grow. This highlights the cluster structure of the[12] P. Jupp and K. Mardia. Maximum likelihood estimators for
data and makes segmentation by heuristic methods signif-  the matrix von Mises-Fisher and Bingham distributiofs:
icantly more likely to succeed. This theorem invites us to___ Nals of Statistics7:599-606, 1979.

A . 3] R. Kannan, S. Vempala, and A. Vetta. On clusterings —
look at the representation as an embedding of the data o[rJi good, bad and spectral. #ist Symposium on the Founda-

the surface qf a hypersphere, wh_ere the inner_prc_)duct of  fions of Computer Scienc2000.
two vectors gives the cosine of their angle. That insight led14] J. T. Kent. The Fisher-Bingham distribution on the sphere.
us to two algorithms: One finds nonlinear low-dimensional J. Royal Statistical Society, B4:71-80, 1982.

embeddings of data in spaces having a mixture of linear ant! jm ;y’;i”; RI)?ZI ggﬂgéa??gg‘igg ggtgggt_'%g ganldgng';\pe
cyclic axes; the other performs clusterings by repeated pro(lG] J. B. Kruskal and M. WishMuItidimeasionaI Scalin,gSage

jections of the data, eliminating heuristic “post-clustering.” Publications, Beverly Hills, 1978.
The clustering algorithm has the appeal that all steps arft7] K. Mardia. Directional statistics and shape analysis. Tech-
well characterized in terms of what information about the _ hical Report 24, U. Leeds Department of Statistics, 1995.

distribution is preserved or lost, and the amount of infor-118] M- Meila and J. Shi. Learning segmentation by random
. L walks. In Proc. Adv. Neural Info. Processing Systems

mation loss can be bounded and/or minimized. It also per- pp. 873-879, 2000.

forms very well in practice on both synthetic “challenge [19] M. Meila and J. Shi. A random walks view of spectral seg-

problems” from the literature and a real-world motion seg- mentation. InAl and STATISTICS (AISTATS) 20@001.
mentation problem that is considerably harder than thos€0] A. Ng, M. Jordan, and Y. Weiss. On spectral clustering:

: . . Analysis and an algorithm. IRroc. Adv. Neural Info. Pro-
contemplated in the computer vision literature. cessing Systema002.

We are currently exploring better distributions for spheri-[21] P. Perona and W. Freeman. A factorization approach to
cal data, bounds on convergence rates, and bounds on the grouping. InProc. Euro. Conf. Computer Visiopp. 655—

; ; ; . 670, 1998.
rate at which angles change as dimensionality is rQduce(iiZZ] A. Robles-Kelly and E. Hancock. Pairwise clustering with

In our work, we have benefitted from conversations with matrix factorisation and the EM algorithm. Rroc. Euro.

Sue Whitesides, Yoav Freund, Josh Tannenbaum, and Paul  Conf. Computer Visiarpp. 63-77, 2002.

Viola, to whom we extend thanks. [23] S. T. Roweis and L. K. Saul. Nonlinear dimensionality re-
duction by locally linear embeddingScience 290:2323—
2326, December 22 2000.
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