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Abstract
It is well-known that for single-input and single-output (SISO) narrow-band transmission on
frequency-flat fading channels, uncoded communication with only receiver channel state infor-
mation (Rx-CSI) leads to extremely poor reliability performance whereas transmitter CSI (Tx-
CSI) allows us approach the reliability of an additive white gaussian noise (AWGN) channel
via power control. In this paper, we propose a novel approach to achieve reliability close to
the AWGN channel for uncoded transmissions on SISO frequency-flat Rayleigh fading channels
without Tx-CSI. Our approach employs pseudo-random phase precoding (PRPP) of modulation
symbols prior to temporal multiplexing, and joint-detection at the receiver that has polynomial
complexity in the precoder size. With a precoder size of 400 binary symbols, we demonstrate
that the proposed system achieves performance within 0.1 dB of the AWGN channel at a bit error
rate of 0.00001, and is also robust to fading correlation and channel estimation errors. Further-
more, we present extensions to multiple-user multiple-input and multiple-output (MU-MIMO)
systems and wideband transmission schemes such as orthogonal frequency-division multiplexing
(OFDM) and single carrier frequency-domain multiple access (SC-FDMA) systems. We show,
through extensive simulations, that i) with 8- by-8 MIMO system per-stream AWGN channel
reliability is achieved with 8 spatial streams and 50 channel uses, ii) for a 5 user multiple-access
channel with one antenna per user and 5 antennas at the receiver, 80 channel uses eliminates fad-
ing and interference complexity while simultaneously providing a power gain of approximately
6.9 dB, and iii) for OFDM and SC-FDMA systems with single antenna at the transmitter and
two antennas at the receiver, within 0.1 and 0.3 dB of the matched-filter bound performance is
achieved with a precoder size of 96 and 400 symbols, respectively.
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Abstract—It is well-known that for single-input and single-
output (SISO) narrow-band transmission on frequency-flat fading
channels, uncoded communication with only receiver channel
state information (Rx-CSI) leads to extremely poor reliability
performance whereas transmitter CSI (Tx-CSI) allows us ap-
proach the reliability of an additive white Gaussian noise (AWGN)
channel via power control. In this paper, we propose a novel
approach to achieve reliability close to the AWGN channel for
uncoded transmissions on SISO frequency-flat Rayleigh fading
channels without Tx-CSI. Our approach employs pseudo-random
phase precoding (PRPP) of modulation symbols prior to temporal
multiplexing, and joint-detection at the receiver that has polyno-
mial complexity in the precoder size. With a precoder size of
400 binary symbols, we demonstrate that the proposed system
achieves performance within 0.1 dB of the AWGN channel at
a bit error rate of 10−5, and is also robust to fading corre-
lation and channel estimation errors. Furthermore, we present
extensions to multiple-user multiple-input and multiple-output
(MU-MIMO) systems and wideband transmission schemes such as
orthogonal frequency-division multiplexing (OFDM) and single-
carrier frequency-domain multiple access (SC-FDMA) systems.
We show, through extensive simulations, that i) with an 8-
by-8 MIMO system per-stream AWGN channel reliability is
achieved with 8 spatial streams and 50 channel uses, ii) for a
5 user multiple-access channel with one antenna per user and 5
antennas at the receiver, 80 channel uses eliminates fading and
interference completely while simultaneously providing a power
gain of approximately 6.9 dB, and iii) for OFDM and SC-FDMA
systems with single antenna at the transmitter and two antennas
at the receiver, within 0.1 and 0.3 dB of the matched-filter bound
performance is achieved with a precoder size of 96 and 400
symbols, respectively.

Index Terms—Single-antenna transmission, pseudo-random
phase precoding, multi-user MIMO, matched-filter bound, un-
coded multi-carrier systems, large-dimensional detection.

I. INTRODUCTION

Reliable communication over fading and dispersive wireless
channels is an important area of research [1]. For a single-input
and single-output (SISO) point-to-point link on frequency-flat
fading channels, it is well-known that uncoded transmission
without transmitter channel state information (Tx-CSI) has an
extremely poor reliability performance [2]. With receiver CSI
(Rx-CSI) only, the average uncoded probability of error on
SISO fading links decays inversely with the average received
signal-to-noise ratio (SNR). This is in contrast with exponential
decay on additive white Gaussian noise (AWGN) channel [3].
With Tx-CSI, on the other hand, it is possible to approach the
AWGN performance via temporal power control [4], [5].

Spatial diversity, via multiple antennas at the receiver, is an
attractive option to improve the reliability of single antenna
transmissions [6]. However, due to size and cost constraints,
it may not be possible to increase the number of antennas
beyond a certain limit. Channel coding, using resources in time
and/or frequency, is also a well-known technique to mitigate
the effects of fading [7], [8]. The coding gain and the diversity
achieved against fading strongly depend on the nature of the
channel and the properties of the channel code employed such
as code rate, codeword length, constraint length (i.e., free
distance), and decoder complexity [7].

In the context of detection of multiple data streams over
multiple-input and multiple-output (MIMO) wireless channels
with a large number of antennas at the transmitter and the
receiver, the authors in [9] proposed a sub-optimum receiver
and showed that it achieves near exponential diversity per
stream as the number of streams, and the operating SNR,
go to infinity [10]. This algorithm, termed likelihood ascent
search (LAS), has its roots in image processing [11], [12],
[13] and multiuser detection in code-division multiple access
systems [14], [15], and offers excellent performance, close to
maximum likelihood detection (MLD), but with per-bit com-
plexity that grows polynomially with the number of transmitter
antennas [9]. Unfortunately, the LAS algorithms in [9] and [15]
that are applied to traditional multi-stream MIMO systems with
a large number transmit and receive antennas are not directly
applicable to a SISO system.

In this paper, we propose a novel approach to achieve reli-
ability close to the AWGN channel for uncoded transmissions
on frequency-flat SISO Rayleigh fading channels without Tx-
CSI. The proposed approach employs pseudo-random phase
precoding (PRPP) of modulation symbols prior to temporal
multiplexing, thereby converting a SISO channel into a virtual
MIMO channel. With the PRPP operating on 400 binary sym-
bols over temporarily uncorrelated channels, we demonstrate
that the proposed system with a sequential LAS receiver [9]
achieves performance within 0.1 dB of the AWGN channel at a
bit error rate of 10−5. We also show that the proposed system is
robust to fading correlation as well as channel estimation errors
at the receiver, and extends naturally to wideband transmission
formats such as orthogonal frequency-division multiplexing
(OFDM) [16], single-carrier frequency-domain multiple access
(SC-FDMA) [16], and multi-user MIMO systems [17].

In [15], is was shown that for a large number of transmitter



and receiver antennas, the per-stream reliability performance
with the LAS algorithm approaches the AWGN channel per-
formance. Using extensive simulation results, we show that
our proposed PRPP approach when applied to uncoded single-
user MIMO system with spatial multiplexing and multi-user
MIMO system with non-cooperating users also yields near-
exponential diversity. Additionally, when the PRPP is applied
to uncoded single-user OFDM and SC-FDMA systems with
two receiver antennas yields performance within 0.1 and 0.3
dB, respectively, of the matched-filter bound (MFB) [18], [19],
[20].

We note that, similar to our PRPP approach, the diversity
transform (DRT) in [21] also tries to improve the reliabil-
ity of uncoded transmission over frequency-flat channels via
linear transformations. Unlike the pseudo-random phasors as
the precoder matrix entries in our paper, [21] restricts DRT
to orthonormal matrices. More importantly, while restricted
to single-user SISO systems, optimal DRT matrices in [21]
are channel specific. Using signal-space diversity and multi-
dimensional lattice constellations, the authors in [22] provide
near exponential diversity at a higher demodulator complexity
on SISO fading channels. On the other, the proposed PRPP
approach yields AWGN-like performance even with binary
signaling. In [23], the authors propose a random phase precoder
for diversity improvement with multiple transmitter antennas
over quasi-static fading channels. With two transmitter anten-
nas, [23] shows an improvement over Alamouti scheme [16]
only when the receiver CSI is imperfect. Moreover, with a large
number of antennas the approach in [23] converts quasi-static
fading into independent fading without actually eliminating the
impact of fading.

The rest of this paper is organized as follows. In Section II,
we present the system model. Our proposed temporal mul-
tiplexing with PRPP and the corresponding detection tech-
niques are detailed in Section III. Simulation results on the
performance of the PRPP-based SISO system are presented in
Section IV. Extensions to block fading channels, single-user
MIMO, multi-user MIMO, and OFDM and SC-FDMA systems
are detailed in Sections V, VI, VII, and VIII, respectively. We
conclude this work in Section IX.

II. SINGLE USER SISO SYSTEM MODEL

We consider a point-to-point communication system with a
single antenna at the transmitter and a single antenna at the
receiver. The channel between the transmitter and the receiver
at the nth channel use is modeled as a frequency-flat and slowly
varying random variable (r.v) hn. The transmitted signal at time
n is xn with mean E[xn] = 0 and variance E[|xn|2] = σ2

x,
and the corresponding received signal yn is given by

yn = hnxn + wn, (1)

where wn is a zero-mean complex-Gaussian r.v with variance
E[|wn|2] = σ2

w. With N uses of the channel, (1) in matrix-
vector notation is expressed as

y = Hx + w, (2)

where y = [y1, y2, . . . , yN ]T , x = [x1, x2, . . . , xN ]T , H =
Diag (h1, . . . , hN ), w = [w1, w2, . . . , wN ]T , and T denotes
the transpose operation.

With each xn drawn independently from a constellation S
with M points, the maximum likelihood detector (MLD) of x
has the following well-known form

x̂ML = arg minx∈SN ‖y −Hx‖2

= arg minx∈SN

N∑
n=1

|yn − hnxn|2

= [x̂1,ML, · · · , x̂N,ML]T , (3)

where x̂n,ML = arg minxn∈S |yn − hnxn|
2. That is, joint ML

detection of N symbols is equivalent to symbol-by-symbol ML
detection. However, the main limitation of the above approach
is that the reliability per channel use, as measured by the
average bit error rate (BER), is extremely poor. As an example,
with M = 2 and S = {+σx,−σx} with equal probability, the
average BER on uncorrelated Rayleigh fading channels (i.e.,
when hn is a zero-mean complex-Gaussian r.v with variance
E[|hn|2] = σ2

h) is [3]

P b =
1
N

N∑
n=1

Prob (x̂n 6= xn) =
1
2

(
1−

√
σ2
xσ

2
h

σ2
w + σ2

xσ
2
h

)
≈ 1

4SNR
for high SNR, (4)

where SNR = σ2
xσ

2
h/σ

2
w is the average received SNR per

symbol. (4) must be contrasted against the performance on
an AWGN channel [2] (i.e., when hn = 1)

P
AWGN

b =
1
N

N∑
n=1

Prob (x̂n 6= xn) = Q
(√

2SNR
)
, (5)

where Q(x) = (1/
√

2π)
∞∫
x

exp(−t2/2)dt is the complimentary

cumulative distribution function of the standard Gaussian r.v.
Note that (4) has inverse linear relationship with the average
received SNR, whereas (5) decays exponentially with SNR.
In the following sections, we describe novel approaches to
uncoded information transmission over SISO, MIMO, multi-
user and multi-carrier fading channels that achieve the per-
stream reliability performance very close to (5) without rate
loss and transmitter CSI.

III. TEMPORAL MULTIPLEXING WITH PRPP

The proposed PRPP transmitter and receiver with temporal
multiplexing are illustrated in Figs. 1a and 1b, respectively.
The complex-valued information symbol sequence is denoted
by U = {u1, u2, . . .}, where ui is drawn independently from
a constellation S containing M points with E[ui] = 0 and
E[|ui|2] = σ2

u. For a given precoder size N , the information
symbol vector at the input of the PRPP is denoted by u =
[u1, u2, . . . , uN ]T . The output of the precoder is denoted by x
and is simply x = Pu. The (m,n)th element of P = [pm,n]
is pm,n = ejθm,n/

√
N , m = 1, . . . , N , n = 1, . . . , N , where

θm,n is pseudo-randomly generated by a seed shared between
the transmitter and the receiver. The mth element xm of x is

xm =
1√
N

N∑
n=1

ejθm,nun. (6)
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Fig. 1: Proposed pseudo-random phase precoder (PRPP) transmitter, Fig. 1a, and receiver, Fig. 1b.

With uniformly distributed θm,n in [−π,+π), a reasonable
assumption for a long pseudo-noise sequence, and due to the
independence of θm,n’s and un’s, we have

E[xm] =
1√
N

N∑
n=1

E
[
ejθm,n

]
E[un] = 0 (7)

and E[xmx∗l ] =
1
N

N∑
n=1

N∑
q=1

E
[
ejθm,ne−jθl,q

]
E[unu∗q ]

=
σ2
u

N

N∑
n=1

N∑
q=1

E[ejθm,ne−jθl,q ]δn−q

=
σ2
u

N

N∑
n=1

E[ejθm,ne−jθl,n ]

= σ2
uδm−l, (8)

where δk is the Kronecker delta function that evaluates to
one when k = 0 and zero otherwise. That is, with uncorre-
lated input sequence, the PRPP produces uncorrelated output
sequence with the same average power as that of the input
sequence that is applied to it.

Instead of transmitting the original sequence U , we transmit
the sequence X = {x1, x2, . . .} produced by the PRPP. Since
each xn goes through the flat-fading channel, as per the input-
output relationship in (1), upon collecting complex-valued
received symbols over N channel uses, from (2), we have

y = Hx + w = HPu + w

= Gu + w, (9)

where G = [gm,n] = Diag (h1, . . . , hN ) P is an N−by−N
matrix whose (m,n)th element, gm,n, is given by

gm,n = hme
jθm,n/

√
N. (10)

Clearly, due to the independence of hm’s and θm,n’s, we have

E[gm,n] = E[hm]E[ejθm,n ]/
√
N = 0 (11)

and E[gm,ng∗p,q] = E[hmh∗p]E[ejθm,ne−jθp,q ]/N

= (σ2
h/N)δm−pδn−q. (12)

That is, from (9)-(12), we conclude that the PRPP applied
to N symbols with single-antenna transmission produces an
N−by−N virtual MIMO system with N virtual spatial

streams and uncorrelated channels between each transmit-
receive antenna pair. It is worth mentioning that the virtual
MIMO system in (9) is different from the conventional MIMO
system in the following respects:
• The effective rate of (9) is one symbol per channel use.
• Although all the elements of G are uncorrelated, the

amplitudes of elements in a given row of G are identical.
That is, |gm,n| = |hm| for n = 1, . . . , N showing the lack
of rich scattering in G.

• Any fixed unitary precoder U would satisfy the power
constraint in (8). That is, with x = Uu, we have
E[x†x] = E[u†U†Uu] = E[u†u]. However, such U,
in general, does not satisfy (11) and (12).

A. Detection of PRPP Temporal-Multiplexing Systems

For a PRPP of size N , exact MLD of u in (9) has complexity
proportional to MN , which is prohibitively expensive even
for binary modulations (M = 2) and a precoder operating on
N = 10 symbols. Near-ML sphere-decoding algorithms can be
applied to (9) to detect u. However, they too have complexity
exponential in N , and the exact complexity is a function of
the operating SNR as well [24]. Sub-optimal MIMO detection
algorithms such as linear zero-forcing (ZF) and minimum
mean-square error (MMSE) receivers have complexity of the
order of N3 (since they require a matrix inversion) but provide
a per-symbol diversity of only one [17]. The near-ML LAS
algorithm in [9] essentially performs an N -dimensional search
to arrive at a fixed point u that no longer improves the
likelihood (conditioned on the channel and the received vector),
and has a complexity proportional to N3 (i.e., comparable to a
linear MMSE receiver). Thus, we propose to use a sequential
version of LAS (SLAS) [9] which is described below for binary
modulations.

1) We denote by Ĝ = Diag
(
ĥ1, . . . , ĥN

)
× P an estimate

of G at the receiver, where ĥn is the estimate of hn.
Assuming binary modulation, the log-likelihood function
of u, after ignoring constants that are not a function of
u, can be written as

Λ(u) = −
∥∥∥y − Ĝu

∥∥∥2

= 2Real
{
uT Ĝ†y

}
− y†y − uT Ĝ†Ĝu

= uTyeff − uTGeffu, (13)



where we have ignored the y†y term as it is not a function
of u and defined yeff = 2Real

{
Ĝ†y

}
and Geff = Ĝ†Ĝ.

2) The number of iterations is set to NIter. We denote by
u(k) = [u1(k), . . . , uN (k)] an estimate of u at the end of
iteration k. Thus, the initial vector at the start of SLAS
iteration is denoted by u(0), and is set to

u(0) = sign
(

Real
{[
σ2
wIN + Ĝ†Ĝ

]−1

Ĝ†y
})

= sign

(
Real

{[
σ2
wIN +

N∑
n=1

∣∣∣ĥn∣∣∣2 p†npn

]−1

×Ĝ†y

})
(14)

which is a linear MMSE estimate of u. In (14), pj is the
jth row of P and IN is an N−by−N identity matrix.
Since the transmitter and the receiver share the precoder P,
the receiver pre-computes the N outer products p†jpj , j =
1, . . . , N . Also, upon using matrix inversion lemma [25],
the inverse in (14) can be computed efficiently. If σ2

w is
not known to the receiver accurately, appropriate diagonal
loading can be employed [26].

3) Define

GReal = 2Real {Geff} (15)
and g(k) = yeff − 2Real {Geff}u(k)

= [g1(k), . . . , gN (k)]T . (16)

The jth symbol in the (k + 1)th iteration is updated as

uj(k+1) =


+1 if uj(k) = −1 and

gj(k) >
∣∣GReal(k, k)

∣∣
−1 if uj(k) = +1 and

gj(k) < −
∣∣GReal(k, k)

∣∣
uj(k) otherwise

(17)

In (17), GReal(l,m) is the (l,m)th entry of GReal in
(15).

4) At the end of NIter iterations, [u1(NIter), . . . , uN (NIter)]
T

is our estimate of u.
The PRPP transmitter coupled with the above described

SLAS receiver algorithm and with the linear MMSE solution
(14) as the initial vector is referred to as PRPP-MMSE-SLAS.
At the end of NIter, the average BER of PRPP-MMSE-SLAS
system is computed as

P
PRPP

b (N,NIter) =
1
N

N∑
n=1

Prob (un (NIter) 6= un) . (18)

IV. SIMULATION RESULTS: SISO SYSTEM WITH
CONTINUOUS FADING

In this section, we present some simulation results on the
performance of the proposed PRPP transmission with MMSE-
SLAS receiver. In all the simulations, we focus on binary
modulation and the number of iterations in the MMSE-SLAS
receiver is set to NIter = 5. With small precoder sizes,
Fig. 2a compares the average BER performance of a system
without PRPP and with per-symbol MLD (denoted as No-
PRPP-MLD) against the PRPP transmission with both MMSE

and MMSE-SLAS receivers. In Fig. 2a we set the precoder size
N ∈ {10, 20, 30, 40, 50} modulation symbols. The channel is
assumed to undergo temporally uncorrelated Rayleigh fading.
At lower average received SNR, the PRPP transmission with
MMSE receiver is found to be inferior to the No-PRPP-MLD
system whereas the MMSE receiver has an advantage of around
5 dB over the No-PRPP-MLD system in the high SNR regime.
However, the SLAS receiver that uses the MMSE estimate
as the initial vector provides an excellent performance over
both the No-PRPP-MLD and PRPP-MMSE systems. At a
BER of 10−4, and as the precoder size increases from 10
to 50 symbols, the MMSE-SLAS receiver exploits additional
temporal diversity and provides more than 15 dB gain over
both the No-PRPP-MLD and PRPP-MMSE systems.
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Fig. 2: Performance of PRPP on SISO fading channels. Fig. 2a
shows performance comparison for smaller precoder sizes.
Fig. 2b shows performance comparison for moderate precoder
sizes.

In Fig. 2b the performance of PRPP-MMSE-SLAS system
is compared against the No-PRPP-MLD receiver for precoder
sizes N ∈ {100, 200, 300, 400} symbols. Also shown in
Fig. 2b is the performance of a SISO AWGN link whose
average BER is Q(

√
2SNR). Similar to Fig. 2a, we have

assumed a temporarily uncorrelated Rayleigh fading channel
with perfect CSI at the receiver. It is interesting to note that the
performance of MMSE-SLAS receiver approaches that of the



AWGN system, even for moderate precoder sizes of 300 to 400
symbols. At an error rate of 10−5, the AWGN system requires
an SNR of 9.6 dB whereas the proposed system with MMSE-
SLAS receiver requires an SNR of 9.7 dB with 400 symbols.
That is, the proposed system has near-exponential diversity and
is within 0.1 dB of the AWGN system performance.
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Fig. 3: BER performance as a function of the number of
iterations on uncorrelated Rayleigh fading channels. The block
size is 400 symbols in Fig. 3a whereas it is 600 symbols
in Fig. 3b. The number of iterations = 0 corresponds to the
performance of linear MMSE receiver.

The impact of the number of iterations in the MMSE-SLAS
receiver on the BER performance is studied in Figs. 3a and
3b with precoder sizes of 400 and 600 symbols, respectively.
From Fig. 3, we conclude that 5 iterations are sufficient over
the SNRs of practical interest.

The impact of channel correlation on the performance of the
proposed PRPP-MMSE-SLAS system is investigated in Fig. 4.
Here, we set the precoder size to 400 modulation symbols
and consider a time-correlated Rayleigh fading channel. For
simplicity, in Fig. 4a, the channel correlation between two
adjacent symbols in time is parameterized by ρ, 0 < ρ < 1,
and the correlation between complex-valued channels at two
time instances n and k is set to ρ|n−k|. The average BER is
plotted for various values of ρ ∈ {0.1, 0.3, 0.6, 0.9}. Note that
the No-PRPP-MLD performance is not affected by the channel
correlation as it performs symbol-by-symbol detection. From
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Fig. 4: Impact of channel correlation on the performance of
a PRPP system with a precoder size of 400 symbols. Fig. 4a
assumes an exponential time-correlation model whereas Fig. 4b
considers Jakes fading model.

Fig. 4a we conclude that system performance is insensitive to
channel correlations as high as ρ = 0.6. In fact, even for ρ as
high as 0.9 the performance gap between the PRPP-MMSE-
SLAS receiver and the AWGN system is as small as 0.4 dB.

V. PRPP FOR BLOCK FADING CHANNELS

We now describe the application of PRPP on block fading
channels. In our block fading channel model, the channel
remains constant over K channel uses and varies independently
from block to block. The appropriate choice of K depends on
the channel coherence time for time-varying channels and the
channel coherence bandwidth for frequency-selective channels.

As illustrated in Fig. 5a, the proposed PRPP idea with a
precoder size of N symbols can be applied over a block fading
channel with K symbols per fading block by interleaving each
of the N symbols within a PRPP block across N fading blocks.
The resulting delay with this approach, due to interleaving and
de-interleaving, is 2NK. Each fading block of K symbols is
composed of ND data symbols and NP = K − ND pilot
symbols for channel estimation. The received signal on the
kth fading block during the NP channel uses is given by

yk[p] = βhk + wk[p], p = 1, . . . , NP , (19)
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Fig. 5: PRPP on block fading channels. Fig. 5a describes the
system model, whereas Fig. 5b shows the reliability perfor-
mance as a function of channel estimation accuracy.

where β2/σ2
w denote the average pilot SNR relative to the data

SNR. The channel estimate for the kth fading block is then
given by

ĥk =
1

βNP

NP∑
p=1

yk[p] = hk +
1

βNP

NP∑
p=1

wk[p]. (20)

It is easy to see that the mean-square error (MSE) between the
true channel hk and the estimate ĥk is

E

[∣∣∣hk − ĥk∣∣∣2] =
(
NPβ

2

σ2
w

)−1

. (21)

The impact of channel estimation errors on the performance
of the PRPP-MMSE-SLAS system over block fading channels
is plotted in Fig. 5b. For simplicity, the “Pilot SNR” in Fig. 5b
is defined as the ratio between the average received pilot
SNR and the average per-symbol data SNR, and is equal to
NPβ

2/σ2
x. The precoder size is set to 400 binary symbols,

and the average BER performance of PRPP-MMSE-SLAS is
evaluated for Pilot SNR in {0, 3, 6, 9} dB. At an average BER
of 10−4, the degradation in average received SNR, compared
with the performance on an AWGN channel, is approximately
1.2 dB when the Pilot SNR is 6 dB. When the Pilot SNR
is increased by 3 dB (either by doubling the pilot power β2

or the number of pilots NP ), to 9 dB, the penalty due to

imperfect channel estimation is within 0.4 dB for the average
BER ranging from 10−4 to 10−5.

VI. PRPP FOR SINGLE-USER MIMO SYSTEMS

Fig. 6a describes a MIMO system equipped with NS
streams, NT transmit antennas and NR receive antennas. The
transmitter precoder for channel use n is denoted by the NT -
by-NS matrix Qn. Note that Qn need not be a function of
Tx-CSI. As an example, Fig. 6a could describe a spatial-
multiplexing system with NS = NT and Qn = INT

.
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Fig. 6: MIMO transmitter with PRPP to realize multiplexing
in both space and time (or frequency) is described in Fig. 6a,
whereas Fig. 6b presents the performance of uncoded single-
user MIMO systems with PRPP.

During the kth channel use, the NR-by-1 received signal is
given by

yk =
√
PT
NT

Hkxk + wk, k = 1, . . . ,K, (22)

where PT is the average transmitter power, Hk is the NR-by-
NT channel matrix, xk = Qkdk is the NT -by-1 transmitted
signal with dk being the NS-by-1 modulation vector, and wk

is the NR-by-1 noise vector.



Upon stacking yk over K channel uses, we have

y =

y1

...
yK


=

√
PT
NT

Diag (H1, . . . ,HK)

x1

...
xK

+

w1

...
wK


=

√
PT
NT

Gx + w, (23)

where G is the NRK-by-NTK effective channel matrix, and
x and w are of sizes NTK-by-1 and NRK-by-1, respectively.

We propose to apply a pseudo-random phase precoder in
both space (the number of transmit antennas) and time (the
number of channel uses) to realize a large dimensional MIMO
system. Denoting the KNT−by−KNT PRPP by P, from (23),
our PRPP-MIMO system

y =
√
PT
NT

GPx + w (24)

has KNS streams, KNT transmitter antennas and KNR
receiver antennas.

The performance of uncoded PRPP-MIMO system with
spatial multiplexing and MMSE-SLAS receiver is studied in
Fig. 6b. We consider binary modulation with NT = NR = NS
and NS ∈ {8, 10, 12, 12, 20}, and with a spectral efficiency of
NS bits per channel use (bpcu). The number of channel uses,
K, is chosen from {4, 10, 25, 50}. The BER performance of
PRPP-MIMO, averaged over the number of streams and the
number of channel uses, is plotted in Fig. 6b as a function
of the average received SNR PT /σ

2
w. Also shown in Fig. 6b

is the BER performance of the SISO AWGN channel. From
Fig. 6b, we conclude that a MIMO system with a large number
of transmitter and receiver antennas, in addition to being
impractical, not necessarily leads to an improved performance
over a MIMO system with relatively smaller number of trans-
mitter and receiver antennas. What matters for a PRPP-MIMO
system is the effective number of dimensions over which the
modulation symbols are transmitted. For example, an 8-by-
8 MIMO system with 50 channel uses has 400 dimensions
whereas a 20-by-20 MIMO system with 4 channel uses has
only 80 dimensions. That is, the proposed PRPP-MIMO system
can effectively offer excellent tradeoff between the number of
streams and the number of channel uses needed to unleash
the full potential of large-dimensional search algorithms such
as LAS [9]- [15], probabilistic data association (PDA) [27]-
[33] and Tabu search [34]- [36]. For example, instead of
employing the large-dimensional search algorithms on a system
with NS = NT = NR = 600 antennas [9], from Fig. 6b we
conclude that near-exponential diversity can be achieved with
a 8-by-8 MIMO system when the PRPP is applied over 50
channel uses, which we believe is within the reach of today’s
technologies [37].

VII. PRPP FOR MULTI-USER MIMO SYSTEMS

In this section, we consider the application of PRPP for
MU-MIMO systems. We focus on the uplink of a cellular-
type setup with a single base-station and K mobile users. The

BS is assumed to have NB receive antennas whereas each user
is equipped with NU transmitter antennas. For simplicity, we
assume that the number of streams per user is equal to NU .

The vector-valued receiver signal at the nth channel use is

yn =
K∑
k=1

Hn(k)xn(k) + wn, (25)

where xn(k) is the NU -by-1 transmitted signal by the kth user,
Hn(k) is the NB-by-NU channel between the kth user and
the BS, and wn is the NB-by-1 noise added at the BS. Upon
stacking yn over N channel uses, we have

y =

y1

...
yN


=

K∑
k=1

Diag (H1(k), · · · ,HN (k))

x1(k)
...

xN (k)

+

w1

...
wN


=

K∑
k=1

Hkx(k) + w, (26)

where Hk is the NBN -by-NUN block diagonal matrix, and
x(k) and w(k) are of sizes NUN -by-1 and NBN -by-1,
respectively.

We propose to apply PRPP on the kth user’s information
stream, u(k), to produce x(k) as

x(k) = Pku(k), (27)

where
Pk =

1√
NUN

[
ejθ

k
l,m

]NUN,NUN

l=1,m=1
(28)

is the NUN -by-NUN PRPP matrix assigned to user k. Using
(27) in (26), we obtain

y =
[
H1, · · · ,HK

]
Diag (P1, · · · ,PK)

 u(1)
...

u(K)

+ w

= GPu + w, (29)

where G is the NBN -by-NUNK composite channel matrix,
P is the NUNK-by-NUNK composite block diagonal PRPP
matrix, and u and w are of sizes NUNK-by-1 and NBN -by-1,
respectively.

In Fig. 7a the BER performance of uncoded MU-MIMO
systems is evaluated with the proposed PRPP. For simplicity,
we consider two users, each with a single stream, transmitting
simultaneously to the BS with two receiver antennas on inde-
pendent Rayleigh fading channels. We note that the BS assigns
the PRPP matrices P1 and P2 to users 1 and 2, respectively,
at the beginning of transmission, and each user independently
precodes without the knowledge of the other user. Perfect CSI
is assumed at the receiver. The per-user precoder size N in
Fig. 7a is varied from 40 to 200 binary symbols, and the BER
of PRPP-MMSE-SLAS receiver, with 5 iterations per bit, and
averaged over the users and the channel, is plotted as a function
of the average received SNR per bit per user. From Fig. 7a we
observe that the average BER decreases monotonically with the



0 1 2 3 4 5 6 7 8 9 10

10
−4

10
−3

10
−2

10
−1

10
0

Average Received SNR (dB)

A
ve

ra
ge

 B
E

R

2−User Multiple Access Channel. 2 Antennas at the Base−Station

 

 
PRPP−MMSE−SLAS. 40 channel uses
PRPP−MMSE−SLAS. 60 channel uses
PRPP−MMSE−SLAS. 80 channel uses
PRPP−MMSE−SLAS. 100 channel uses
PRPP−MMSE−SLAS. 200 channel uses
AWGN

(a)

0 1 2 3 4 5 6 7 8 9 10

10
−4

10
−3

10
−2

10
−1

10
0

Average Received SNR (dB)

A
ve

ra
ge

 B
E

R

Multiuser SIMO MAC Channel. PRPP−MMSE−SLAS System

 

 
2−Users, 2−Antenna BS. 200 channel uses
3−Users, 3−Antenna BS. 150 channel uses
4−Users, 4−Antenna BS. 100 channel uses
5−Users, 5−Antenna BS. 80 channel uses
AWGN

(b)

Fig. 7: Performance of PRPP applied to an uncoded K-user
SIMO system with NB antennas at the base-station. Fig. 7a
shows the reliability performance as a function of the precoder
size when K = NB = 2, whereas Fig. 7b shows the
performance for K = NB ∈ 2, 3, 4, 5 with a precoder size
of 400 binary symbols.

number of channel uses over which the PRPP is applied. More
importantly, with 200 channel uses, we conclude from Fig. 7a
that the performance of the proposed system at a BER of 10−5

is exactly 3.0 dB better than the performance of a point-to-point
non-fading link with no interference. That is, in addition to
completely eliminating the other-user interference, the PRPP
is able to transform the fading and interference channel into
a static channel, and the two receiver antennas at the BS are
merely used to extract the array gain.

The impact of the number of users and the number of
antennas at the BS on the BER performance of PRPP-based
uncoded MU-MIMO system is investigated in Fig. 7b. Here,
the number of users is increased from 2 to 5 with equal average
received SNR to the BS and each user has a single stream to
transmit. The number of antennas at the BS is set equal to the
number of users so that the linear MMSE receiver produces an
initial vector from (29). The number of channel uses N for each
value of K is chosen in such a way that the total number of
observations at the receiver, NK, is approximately the same for
different number of users. With binary signaling, the spectral
efficiency of K-user MU-MIMO system in Fig. 7b is equal
to K bits per channel use. From Fig. 7b, at a BER of 10−5,

we notice that the proposed PRPP-MMSE-SLAS receiver has
a gain of approximately 10 log10(K) dB, K = 2, . . . , 5, over
the point-to-point non-fading and inteference-free link. That
is, with the PRPP applied over a modest number of channel
uses, and when the number of antennas equal to the number of
users, the proposed system transform the multi-user fading and
interference channel into a static channel while simultaneously
providing a power gain that is linear in the number of users.

VIII. PRPP FOR OFDM AND SC-FDMA SYSTEMS

We now present PRPP for uncoded OFDM and SC-FDMA
waveforms. For simplicity, we consider a single user system
with one transmitter antenna. Following the models in earlier
sections, it is straightforward to extend this basic configuration
to multiple users and multiple streams per user.

Our OFDM system description is as follows. The OFDM
system bandwidth is W Hz, the sampling frequency is FS
samples per second, the number of available subcarriers NFFT ,
and the number of used subcarriers is NS . The subcarrier
spacing is chosen in such a way that inter-carrier interference
is minimized and the cyclic prefix is chosen in such a way that
inter-symbol interference is minimized.

Without loss of generality, we assume uplink transmission
from an MS to a BS, and the BS is equipped with MB antennas
for reception. Considering a tapped delay-line channel model,
the frequency-domain channel between MS and BS on the lth
antenna, and on subcarrier fk, is

Hl,k =
LP∑
n=1

hl,ne
−j2πτnfk , k = 1, . . . , NS , (30)

where, for l = 1, . . . , NB , hl,n is the complex-valued channel
gain at a delay τn on antenna l and LP is the number of time
taps.

With Xk denoting the symbol transmitted on subcarrier k,
the received signal on kth subcarrier on antenna l is

Yl,k = Hl,kXk +Wl,k, (31)

where Wl,k is the additive noise. Upon denoting
X = [X1, . . . , XNS

]T , Yl = [Yl,1, . . . , Yl,NS
]T ,

Hl = Diag (Hl,1, . . . ,Hl,NS
), and Wl = [Wl,1, . . . ,Wl,NS

]T ,
the vector-valued received over NB antennas is

Y =

 Y1

...
YNB


=

 H1

...
HNB

X +

 W1

...
WNB


= HX + W

= HPU + W, (32)

where the dimensions of Y, H and W are NBNS-by-1,
NBNS-by-NS and NBNS-by-1, respectively. U is the NS-by-
1 subcarrier modulation vector and P is the NS-by-NS PRPP
matrix.

We can also generalize (32) to accommodate multiple PRPP
blocks within a single OFDM symbol, as illustrated in Fig. 8.
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Fig. 8: OFDM transmitter with PRPP to realize multiplexing
in frequency. Here, K denotes the number of PRPP blocks
and {dk,1, . . . , dk,N} denotes the N -length modulation symbol
vector that is applied to kth precoder. Subcarrier permutation is
applied to the precoded symbols and pilot symbols for channel
estimation.

The number of used subcarriers is divided into a number of
pilot subcarriers, NU,P , for channel estimation and the remain-
ing subcarriers, NU,D = NU − NU,P , for data transmission.
With a PRPP block of size N subcarriers, the number of
PRPP blocks within the OFDM symbol is K = NU,D/N .
The input to the kth pseudo-random precoder Pk is denoted
by dk = [dk,1, . . . , dk,N ]T and the corresponding output is
denoted by xk = [xk,1, . . . , xk,N ]T . The optional subcarrier
permutation unit in Fig. 8 interleaves the precoder’s output to
extract channel frequency selectivity. Using this, (32) can be
modified as

Yk = GkPkdk + Wk, k = 1, . . . ,K, (33)

where Gk is the effective channel of the kth precoder and is
of size NBN -by-N .

L-Point
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1,Kd LKd ,

Right 
Guard

Left 
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DC

L-Point
DFT

Resource Unit with Pilots

Fig. 9: SC-FDMA transmitter with PRPP to realize mul-
tiplexing in frequency while preserving the peak-to-average
power ratio advantages of conventional SC-FDMA. Here, L
denotes the size of the DFT precoder [16] and {dk,1, . . . , dk,L}
denotes the L-length modulation symbol vector that is applied
to the kth DFT precoder. The outputs of K DFT precoders
are combined prior to the application of PRPP of size KL.
By setting P = IKL, we obtain the conventional SC-FDMA
system.

Similar to Fig. 8, an SC-FDMA system with PRPP is
shown in Fig. 9. Unlike the OFDM system in Fig. 8, in SC-
FDMA system DFT (Discrete Fourier Transform) precoded
modulation symbols are applied as the input to the PRPP block
to reduce the peak-to-average power ratio. The user’s subcarrier

modulation are divided into K groups with L modulation
symbols per group. The DFT precoder is denoted by the L-by-
L matrix F. For the kth group, the output of the DFT precoder
is

xk = Fdk, k = 1, . . . ,K, (34)

where xk = [xk,1, . . . , xk,L]T and dk = [dk,1, . . . , dk,L]T . The
output of the PRPP is then

X = Px, (35)

where x =
[
xT1 , . . . ,x

T
K

]T
, and P is of size LK-by-LK.

Similar to (32), the received signal over NB antennas at the
BS is

Y =

 H1

...
HNB

PDiag

F, · · · ,F︸ ︷︷ ︸
K times


d1

...
dK

+

 W1

...
WNB


= HPx + W. (36)

By setting Pn = IN in Fig. 8, where Pn is the PRPP
matrix for data symbols {dn,1, . . . , dn,N}, and P = IKL in
Fig. 9, the proposed systems degenerate to conventional OFDM
and SC-FDMA systems, respectively [16]. It is also worth
mentioning that PRPP based MIMO-OFDM and MIMO-SC-
FDMA systems can be realized by appropriately combining
the systems depicted in Figs. 6a and 8, and Figs. 6a and 9,
respectively.

TABLE I: Power-delay profile. ITU Pedestrian-B channel
model.

Delay (nsec) 0 200 800 1200 2300 3700
Relative Power (dB) 0 -0.9 -4.9 -8.0 -7.8 -23.9

The performance of PRPP-OFDM system of Fig. 8 and
PRPP-SC-FDMA system of Fig. 9 is investigated in Fig. 10.
Here, we consider a 10 MHz channel bandwidth with 1024
subcarriers. The sampling frequency is 11.2Msps, the sub-
carrier spacing is 10.9375KHz, the cyclic prefix length is
128 samples, the number of left-guard subcarriers is 92, and
the number of right-guard subcarriers is 91. Ignoring DC
subcarrier, the number of useful subcarriers is 840. The average
BER performance of PRPP-OFDM system operating over the
ITU Pedestrain-B (ITU-Ped-B) channel is shown in Fig. 10a.
The power-delay profile of ITU-Ped-B channel is given in
Table I [16]. For simplicity, in Fig. 10a we assume perfect
CSI at the receiver and random permutation of modulation
symbols onto the subcarriers. With one receiver antenna, as
predicted by (4), the No-PRPP-MLD system has a first order
diversity performance whereas the PRPP system with N = 96
symbols has much better performance, as evidenced by the
slope of its BER curve. We also study the effect of receive
antenna diversity in Fig. 10a. With two receive antennas, and
assuming spatially independent fading, the No-PRPP-MLD
system obtains only second order diversity. On the other hand,
at a BER of 10−4, the PRPP system with two receive antennas
is better than the SISO AWGN performance by 0.5 dB (or
away from the 1−by−2 AWGN performance by 3−0.5 = 2.5
dB). Comparing the MFB with two receiver antennas, which
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Fig. 10: Performance of PRPP for OFDM on ITU-Ped-B chan-
nel is shown in Fig. 10a. Performance of PRPP for SC-FDMA
on ITU-Ped-B channel with two receiver antennas is shown
in Fig. 10b. Also shown in Fig. 10b are the performances of
conventional SC-FDAM with frequency-domain linear MMSE
receiver. The Impact of PRPP on the peak-to-average power
ratio of OFDM and SC-FDMA systems is shown in Fig. 10c.

is computed with the help of [18], we see that our system is
within 0.1 dB of the MFB.

BER performance of SC-FDMA with PRPP is shown in
Fig. 10b considering both genie-aided and pilot-aided channel
estimation on ITU-Ped-B channel with two antennas at the

receiver and spatially independent fading. The number of DFT
blocks is set to K = 25 and the DFT precoder size is
L = 16 modulation symbols. Also shown in Fig. 10b are
the performance of SC-FDMA without PRPP when frequency-
domain linear MMSE equalization (FDE) is employed (which
requires inversion of a L-by-L matrix), the AWGN reference
curve, and the MFB of [18]. For channel estimation, a total of
60 pilot tones are uniformly distributed within the useful 840
subcarriers, and the LK = 16 × 25 = 400 data subcarriers
are randomly loaded onto the remaining 840 − 60 = 780
subcarriers. The pilot SNR is set to 9 dB above the data
SNR. A simple least-squares channel estimation is considered
to estimate the channel on pilot tones, and the channel on
the data subcarriers is estimated by linearly interpolating the
channel estimates on the pilot tones. From Fig. 10b, with
perfect CSI at the receiver, we notice that with two receiver
antennas SC-FDMA system without PRPP and FDE receiver
yields second order diversity whereas the application of PRPP
in conjunction with MMSE-SLAS receiver yields exponentially
decaying error performance. For example, at a BER of 10−4,
our system has 0.3 dB improvement over the SISO AWGN
performance (or away from the 1−by−2 AWGN performance
by 3− 0.3 = 2.7 dB), and is just 0.3 dB away from the MFB.
At this BER target, channel estimation errors lead to a loss in
PRPP based MMSE-SLAS receiver by approximately 1.0 dB.

In Fig. 10c, we assess the impact of PRPP on the peak-
to-average power ratio (PAPR) of OFDM and SC-FDMA
systems. Here, we consider QPSK subcarrier modulation. For
SC-FDMA system, the DFT size is L = 16 and the number
of DFT blocks is K = 8. For OFDM system, the payload
size is L × K = 128 subcarriers. Whether PRPP is applied
or not, the modulation symbols are randomly mapped onto the
data subcarriers. A total of 105 simulation runs are performed.
From Fig. 10c, we observe that application of PRPP for SC-
FDMA systems leads to less than 1.0 dB degradation in PAPR
performance (with 99 percent probability), whereas PRPP does
not impact the PAPR performance of OFDM systems.

IX. CONCLUDING REMARKS

We proposed a novel PRPP-based temporal multiplexing
scheme for uncoded transmissions over SISO fading channels
without CSI at the transmitter. With 400 binary modulation
symbols and an MMSE-SLAS receiver with 5 iterations per
bit, we have demonstrated that the proposed system achieves
performance within 0.1 dB of the AWGN channel at a bit
error rate of 10−5, and is robust to channel correlation and
channel estimation errors. The proposed system was extended
to uncoded multi-user MIMO systems where it was shown to
eliminate fading and interference while simultaneously yield-
ing maximum possible power gain. With uncoded OFDM and
SC-FDMA systems, we have shown that performance within
0.3 dB of the MFB can be realized with as few as two receiver
antennas.

Although this paper was focused on uncoded binary trans-
mission, application of the proposed PRPP approach for multi-
level modulations with channel coding and soft-decision de-
coding, and also with other near-ML detection schemes such
as PDA [27], [28], [29], [30], [31], [32], [33] and Tabu search



algorithms [34], [35], [36] is our on-going research work.
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