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Abstract

Spectral efficiency is a key characteristic of cellular communications systems, as it quantifies how
well the scarce spectrum resource is utilized. It is influenced by the scheduling algorithm as well
as the signal and interference statistics, which in turn depend on the propagation characteristics.
In this paper we derive analytical expressions for the short-term and long-term channel-averaged
spectral efficiencies of the round robin, greedy Max-SINR, and proportional fair schedulers,
which are popular and cover a wide range of system performance and fairness trade-offs. A uni-
fied spectral efficiency analysis is developed to highlight the differences among these schedulers.
Unlike previous work in the literature, the analysis is notably different in the following aspects:
(1) it does not assume the co-channel interferer to be identically distributed, as is typical in realis-
tic cellular layouts, (ii) it avoids the loose spectral efficiency bounds used in the literature, which
only considered the worst case and best case locations of identical co-channel interferer, (iii) it
explicitly includes the effect of multi-tier interferer in the cellular layout and uses a more accu-
rate model for handling the total co-channel interference, and (iv) it captures the impact of using
small modulation constellation sizes, which are typical of second and third-generation cellular
standards. The analytical results are verified using extensive Monte Carlo simulations.
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Abstract— Spectral efficiency is a key characteristic of cellular ~ Spectral efficiency, which measures the average data rate
communications systems, as it quantifies how well the scarceper unit bandwidth per cell, is an important measure for
spectrum resource is utilized. It is influenced by the scheding quantitatively evaluating the effectiveness of cellulpstems.

algorithm as well as the signal and interference statistigswhich It pl ; tant role i t | . f
in turn depend on the propagation characteristics. In this mper plays an important role In System planning, performance

we derive analytical expressions for the short-term and long-term @nalysis, and optimization. It captures the fundamenéaletr
channel-averaged spectral efficiencies of the round robirgreedy off between the limited spectrum resource and the growing de
Max-SINR, and proportional fair schedulers, which are popuar  mands of broadband service, and is critical in the plannig a
and cover a wide range of system performance and faimess gagign of cellular systems. For example, decreasing fregue
trade-offs. A unified spectral efficiency analysis is devefied to . . >

highlight the differences among these schedulers. Unlikerpvious reuse dlsta_n(_:e leads to stro_ng(?r_CCI, which results in alemal
work in the literature, the analysis is notably different in the SPectral efficiency for each individual user and, thus, allema
following aspects: (i) it does not assume the co-channel itferers  user-averaged spectral efficiency. However, more aggeessi
to be identically distributed, as is typical in realistic cdlular frequency reuse means more bandwidth per unit area; thus,

layouts, (ii) it avoids the loose spectral efficiency boundsised 46 ysers can be supported in a unit area, and this might
in the literature, which only considered the worst case and bst . —_ ’
improve the overall spectral efficiency.

case locations of identical co-channel interferers, (iiijt explicitly . R . .
includes the effect of multi-tier interferers in the cellular layout An analytical characterization of the spectral efficiensy i

and uses a more accurate model for handling the total co- quite involved. The presence of CCl and the competition
channel interference, and (iv) it captures the impact of usig for radio resources at the scheduler make it very difficult to
small modulation_constellation sizes, which are typical ofecond- extrapolate the multi-cell multi-user system-level pemiance
and third-generation cellular standards. The analytical results are . . : . .
verified using extensive Monte Carlo simulations. result; from single transmitter smgle receiver Imlgllav*sults,
especially in the presence of fading and shadowing. Thezgfo
Index Terms—spectral efficiency, Max-SINR, proportional fair,  mgst performance evaluations thus far have been simulation
round robin, scheduler, lognormal, fading, shadowing studies [2], [4], [5], with many of these using very standard
| INTRODUCTION specific models. On the other _hgnd, many of the _ana_lyt_ical
' models for average spectral efficiency (ASE) use simpldyin
Cellular communication systems strive to achieve highssumptions that limit the accuracy and applicability aith
spectral efficiencies in order to efficiently utilize the s (egylts. For example, in [6], an excellent analytical framek
and expensive spectrum resource and deliver higher d&s 1 geveloped to quantify the ASE of interference-limited
to users within the limited bandwidth. This needs to bgg|ular systems in the presence of Rayleigh fading and/or
done in the presence of effects such as large-scale fadipgnormal shadowing. However, its analysis, and also the
which arises due to shadowing, and small-scale fading,hr\/hi§na|yseS in [7], [8], assume that the mean power of all the
arises due to multipath components, and in an environmentjifierferers is identical. Consequently, the results deribe-
which aggressive frequency reuse leads to severe co-chaggne performance bounds that assume aliatsers are at the
interference (CCI) from neighboring cells [1]. To achiete t pest-case or worst-case locations for interference — atgitu
desired high spectral efficiencies, third generation arybbe that does not occur in practical settings. The bounds tutn ou
systems employ advanced techniques such as link adaptafipBe quite loose for small reuse distances, at which next gen
and channel-aware multi-user scheduling [2], [3]. eration systems will operate. Such an approach also prvent
Part of this paper was previously presented at the 2005 IERBas th€ inclusion of second-tier interference and sectogratn
Telecommunication Conference (GLOBECOM'05), St. LouispMU.S.A., the analysis. Though smaller than first-tier interferertbe,

and the 2007 IEEE International Conference on Communicati®CC'07), effect of second-tier interference on spectral efficiem:ylci)t
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The results presented in this paper are based on the iréalarch work mentioned works [GL [10] implicitly assume.in.their anaéys.
performed by all the authors at MERL. that all users are given equal resources within a cell, which



is valid only for a round-robin scheduling policy. Howevercoverage-limited system that employs a large frequencgereu
third generation cellular systems and beyond use channgistance.

aware schedulers that exploit multi-user diversity to eedi  The rest of this paper is organized as follows. The cellular
spectral efficiency gains. Therefore, it is of great impoce system model is introduced in Section Il. The short-term
to incorporate different schedulers into the analysis amdal fading-averaged and long-term composite shadowing-geera
in a unified manner that enables them to be compared. Whileectral efficiencies of the various schedulers are deiived
an opportunistic RR scheduler [11], and a proportional faBection Il and Section 1V, respectively. Numerical exaespl
scheduler [12], [13], [14], which achieves a balance betwe@& Section V are followed by our conclusions in Section VI.
fairness and system throughput, have been analyzed, this ha

been done only for a single-cell system with Rayleigh fading [l. PRELIMINARIES

and no CCI [11], [13], [14]. While [15] did consider the
effect of multi-tier interference and different schedsleits
analysis assumes that the throughput directly equals gmaisi ~ Consider a cellular system with' users per cell or sector. In
to interference ratio (SIR) at the receiver; this makes it§e downlink, each user copes with CCI framh neighboring
results applicable only to systems in which the SIR at ea8i§se stations (BSs). The received signal at a user sapich
mobile station is very small. While [16] derived the thropgh has been selected by the scheduler for downlink transmissio
of different schedulers, it is only applicable to a singtic €an be written as:

A. Cellular System Downlink Model

system without any CCI. Thus, there is a great need to develop M

an analysis of a multi-cell framework that incorporateshbot Tn = hnoTno + Z hpmTnm + 2n, (1)
interference and the non-linear relationship of throughyth m=1
signal-to-interference-plus-noise-ratio (SINR). where z,,0 is the desired signal transmitted by the serving

Channel variation in a cellular environment occurs dugs (chosen without loss of generality to have index),,
to both Rayleigh fading and lognormal shadowing, whicg the signal transmitted by an interfering BS, and z,, is
operate on vastly different times scales. While the ‘shem?’  additive white Gaussian noise. The powerszgf, and z,,,,
Rayleigh fading typically varies on the order of millisedsn are normalized to unity. The channels are assumed to be flat-
the ‘long-term’ shadowing changes over tens of seconds fatling; we assume that both BSs and mobile stations (MSs)
more depending on the user mobility. Thus, averaging th@ve only a single antenna.
spectral efficiency over short-term Rayleigh fading andylon  The channel coefficienth,,,,, is the instantaneous gain
term shadowing provides different insights into the systegf the channel between the-th MS and them-th BS. It
behavior. Averaging over the fading (conditioned on thedshacan be written ash,,,,, = VO Gnm, WHere a,,,, includes
owing) reveals the impact of fading on system behavior ovettige effects of transmission power, pathloss, shadowing, an
short period of time. The long-term behavior of cellulartsys  directional antenna gain at BS and MS. The small-scale ¢adin
can be understood by averaging the instantaneous speaigh g,,,, is modeled as a zero-mean, unit-variance complex

efficiency over the lognormal shadowing as well. Doing sgaussian random variable (RV). The lognormal probability

provides guidelines for the design of cellular layouts amél t density function (pdf) ofv,.,, is given by

identification of service coverage areas. Consequently, th 1 9

dual timescale approach has also been followed in [6]. o (z)= & exp |- (€loge & — pnm) x>0,
This paper presents a general analysis of the spectral V210 m 205 @

efficiency achievable by cellular systems that factors & ﬂQ/vhereunm ando?  are the dB mean and variance, respec-

interactions of all the above mentioned effects, inCIUdinI%/ely of the Gaussian RV0 1og,, aym, and — 10/ log, 10
. y 10 Xnm» — e .

scheduling, interference, and wireless channel propamgati o
Specifically, it makes the following contributions. It dess Specifically,tinm .Pm Lo IOp.IOg.lo(d”m/dO). A(6rm)
. .. . B(0,m), WhereP,, is the transmission power (in dBW) of the
general expressions for the spectral efficiency of (pogsibt- . . .
. . m-th BS, L is the pathloss (in dB) at a reference distance

torized) cellular systems with channel-aware scheduleas t i
operate withnon-identicalco-channel interferers. The individ do from the BS,d,.,, the distance of the-th MS from the

P : m-th BS, p is the pathloss exponem(0,,,,,) and B(6,,,,) are

ual and combined impacts of both small-scale Rayleigh ’gadirhe antenna gains (in dB) of the BS and MS, respectively, and
and large-scale lognormal shadowing are incorporateden tgr ' '

. o . - . »m IS the angle between the antenna boresight and the line

analysis. The efficiency achieved with the following broad”™. .
. o of sight form then-th MS to them-th BS. For example, in

range of schedulers is analyzed: (i) the Max-SINR schedulin] A(9) is specified as
which fully exploits the multi-user diversity but is unfdit6], '
(i) the Round-Robin scheduler, which is fair but channel- 0\ 2
unaware, and (iii) the Proportional Fair (PF) scheduleiicvh ~ A(¢) = —min llQ <9—) , Ao
features the tradeoff between fairness and throughputnéhe 0
unified analytical results serve to highlight their perfamme where 6, = 70° and Ay = 20 dB for a 3-sector cell, and
differences. The analysis also accounts for the impact &f = 35° and A = 23 dB for a 6-sector cell. For a 1-sector
small modulation constellation sizes, and is valid for bath cell, A(¢) = 0 dB. B(6,.,,) is usually set to unity. For cell with
interference-limited system that employs aggressiveuieaqy multiple sectors, the available bandwidth is equally dedd
reuse and operates closer to peak capability; and a noiseaprong the sectors.

,—180° < 6 < 180° (3)




The instantaneous SINRy,, varies with respect to time
due to the time-varying nature of the fading channel. Link
adaptation techniques, such as adaptive modulation aridg-od
(AMC), can be adopted to adjust the data rate based on the
channel condition indicated by the SINR value. The formula
in (5) models the case where capacity-achieving error-free
codes are used and the transmitter adapts its transmisges r
on a continuous scale. Spectral efficiencies of systems with
practical adaptive AMC schemes or uncoded systems can be
obtained by scaling the SINR in (5) with a factor less than
1 [4]; the analytical methods presented in this paper can be
extended to this case.

The schedulers operate in real time,, at a rate fast enough
to adapt to the small-scale Rayleigh fading variations.sThu
the formula in (5) gives the expression for the instantaseou
spectral efficiency, which changes as the fading channeteof
Fig. 1. The geometric layout of a mobile radio system with fisc multiple users vary with time. The planning of cellular layo
and the identification of service coverage area necessftate

) . evaluation of channel-averaged spectral efficiency.
The number of interferers depends on the geometric Iayout-l-he channel-averaged spectral efficiency for thth user
of the cellular system and sectorization. For example, f%n be written as

the hexagonal layout shown in Figure 1, when only first-

tier interferers are considered, we hawé = 6 without o

sectorization,// = 2 for 3 sectors per cell, and/ =1 for 6 Cn = /0 CONf()dy, ©6)
sectors per cell [21]. When the second-tier interferersatse

considered, the corresponding valuesife= 18, M = 7,and where the functionf(v), depends on the specific averaging
M = 4. In actual systems, the cell layout depends strongly @peration discussed earlier. For short-term Rayleighnfadi
the geography and morphology of the environment, and taeeraged spectral efficiency(y) = f,, (7)., which is the
pathloss has to be determined from empirical or ray-tracimgnditional pdf of the SINRy,,, conditioned on the shadowing
data. We stress that even in this case, the closed-formiegsatcoefficients«,,,. On the other hand, for long-term (Rayleigh

developed in the next sections are applicable. fading and lognormal shadowing) averaged spectral effigien

The instantaneous SINR,,, at the receiver of the scheduledf(v) = f,, (y), with £, (v) being the unconditional pdf of
user,n, is given by the SINR that includes both Rayleigh fading and lognormal

aimolgnol? shadowing.
= g — : 4) Substituting (5) into (6) and simplifying lead to the follew
2om=1nm|gnm|* +1/p ing alternative spectral efficiency expression:

wherep is the fading-averaged signal-to-noise-ratio (SNR). It w1
is as;umed that only one user in each sector is scheduled at C, = 1Og2(e)/ — 1= F()]dv, )
any instant. We assume that neither dirty-paper codingeat th o 1+7

BS nor multi-user detection at the MS are used. ) o ) o
where F'(y) = F,, |.(v) is the conditional cumulative distri-

bution function (CDF) of~, for short-term fading averaged

B. Spectral Efficiency analysis, and¥(y) = F,, (v) is the corresponding uncondi-

Spectral efficiency captures the highest data throughput @nal CDF for fading and shadowing-averaged analysis.
unit bandwidth achievable by the entire cellular systemennd The system-level spectral efficiency of cellular systems
the limitations imposed by the system model assumptior&mploying the fair round robin scheduler, the greedy Max-
We, therefore, use the Shannon capacity formula to meast&R scheduler, and the proportional fair scheduler will be
throughput [6], as it is the maximum throughput the channahalyzed in the next two sections under a unified framework.
can reliably support given a certain SINR constraint.

The impact of a limited modulation constellation size is

modeled by means of a caf,,.«, on the achievable through- I1l. SHORT-TERM RAYLEIGH FADING-AVERAGED
put per unit bandwidth as follows: SPECTRAL EFFICIENCY
C(yn) = { logy(1+7m),  7n < 7r , (5) We first consider the impact of short-term fading on system-
Crmax; Yn > Vr level performance by deriving fading-averaged expression

where T is the allowed maximum modulation constellatiothe spectral efficiency. If large-scale fading is presenths
size andCyax = log, (1 + ;). When no constraint is placedan averaging leads to speqtral efficiency expressions tieat a
on the constellation size, we hagg, ., = co. conditioned on the shadowing.



Lemma 1: The pdf of the SINR of then-th user in a 4,0 = pa,g, and the coeﬁicienﬁfl) is
Rayleigh fading environment can be written as

M o ot ol M « -t
: -1 B == 14+ —— <1+ "m7>
fvn,\a("Y) = —2 lH <1 + Qnm ) exp (—1L>] . Oyt QnQ "1_:[0 Qpo
m=1

—_ 9%no

L0
(8) (12)
Proof: The proof is given in Appendix A. n Proof: The proof is given in Appendix B. [ |
The differential form in (8) shall come in handy later on. In a practical setting, the meal{lsznm}n]‘f:1 are distinct due
It also leads to the following corollary about the CDFgf, to different path-losses, shadowing, and antenna g@inghen
which is useful for outage analyses [8]. simplifies to
Corollary 1: The CDF of the SINR;y,, of usern in a

Rayleigh fading environment is

~y
87 Qno P Gno

M « M [0 1
M 1 Cr, = log,(e) Z 0 Ll eFnm
F, ja(7) =1—exp (—ZL) H (1 + dom 7) . (9) m=o Amm | izg Gnm T Gni
al P Qno el [67%0) i#Em .
1 1 2&max — ]
» x[r(o“_)_r@,A +7)] (13)
Tnm Tnm Tno
o . The overall spectral efficiency of the RR scheduler can
A. Spectral Efficiency of Round-Robin scheduler now be computed from the single user values (of Lemma 3)

In a system with the RR scheduler, once a user is ser/gind Lemma 2. The result in Lemma 3 accounts for the
by the BS, it is not served again until all the other useffects of both noise and CCI. For systems with aggressive
in the system have been served. The RR scheduler has ffguency reuse that operate close to peak capability, the
same average spectral efficiency as a random scheduleh wi§i@tistical properties of the SINR are dominated by CCI such
schedules all users with the same probability and does ket t&hat the effect of noise is negligiblé.e, p — oo. Such
into account the channel states of the users. We state, writh®YStems are mterference-hmned._}Nhgan—> oo, the CDF
proof, the following simple Lemma on the average spectral, |,(v) = 1-T1Y, (1 + Spm 7) . SubstitutingF’, ()

efficiency of the RR scheduler. into (7), and performing partial fraction expansion we htnee
Lemma 2: The average spectral efficiency of a cellulainterference-limited spectral efficiency given as follows
system withV users and an RR scheduler is Corollary 2: The Rayleigh fading-averaged spectral effi-
N ciency of a given user in an interference-limited environte
.. = % Z C,, (10) c°an be expressed as
e L, mP=1 1) m®
whereC,, is the average spectral efficiency of theh user: C,, = logy(e) Z ,Bi ' {%] —
Cn = fooo C(V)f'yn|a(’7)d'7' u =1 i=1 (Z N 1) Qn mn — 1
Thus,C,, is simply the average of all the individual users’ - i—m( ano i—m®
average spectral efficiencies. The above formula was assume X { [%] — {% + 2Cmax 1] }
throughout in [6]-[8], [10], which is why their ASE analyses Qn Qn
apply only to the RR scheduler. L, g8, o) N0
1) Single User Average Spectral Efficiency Analysis: +log,(e) Z (z)# [%ﬂ In |1+ —" (20‘"“ — 1)
Lemma 3: The Rayleigh fading-averaged spectral effi- = (mn =1 Lan nod
ciency of usem in closed-form is m
" l On the other hand, when the reuse distance is large such
Lol g0 g0 my) O that the CCl is negligible compared to noise, the system can
O = lorale) zz; 1 m [aTnl)} Yno €T be modeled as a noise-limited system. Settidg= 0 in (11)

¢ or (13), leads to the following corollary about the spectral
. y 1 , y 1 2Cmax — 1 efficiency of a noise-limited system.
x |T'(i —m,’, —Ili—my,—4+—1], . . . .
no L) n %l) Ao Corollary 3: The Rayleigh fading-averaged spectral effi-
(11) ciency of a given user in a noise-limited environment (or an
isolated cell system) can be expressed as
whereI'(k, z) is the incomplete Gamma function [22]. Here,

Cmax —
the (M + 1) variables,{anm}nj‘fzo, are partitioned intal,, C, = 10g2(e)eﬁ [r (0, L) -T (07 !)}

subsets, such that each subset contains all and only the Tn0 Yno (.1 4)
variables with the same vaIueSf). mSP denote? )the cardi- -

. L. (1
nality of thei-th subset(whereM Tl=2,2mn ) Cmax Setting Chhax = oo in the above equation and simplifying

is the maximum rate allowed by the systeﬁff) = paﬁf), leads to the result obtained previously in [23, egn. (12}] fo
noise-limited systems with unlimited constellation sizes



B. Spectral Efficiency of Max-SINR Scheduler oo. Performing partial fraction expansion ®f, ;. () and using

While the RR scheduler ensures fairess among usersit i (15), we get the following interference-limited spet
does so at the expense of a reduced overall system throughgfiiciency of the Max-SINR scheduler. _
The Max-SINR scheduler, on the other hand, serves the mobilé=orollary 4: The Rayleigh fading-averaged spectral effi-
station with the highest SINR among all the users.,gt, = ciency of an interferepce-l!mited cellular system with Max-
max {71,72, - ,yn} denote the maximum SINR among allSINR scheduler is given in (18) at the top of the next page.

users at any instant. The average spectral efficiency oftarays® o ) )
with the Max-SINR scheduler is [c.f. (6)] In a noise-limited environment (or an isolated cell sys-

S tem), the CDF Of’yj{[‘nax can be simplified to:F, . (v) =
Cusne = 1083 (¢) / Ty P )dy (A8) 1577 (1 Z;(;)l exp (—d,47). Substituting it into (15)
0 leads to the following corollary.

Corollary 5: The Rayleigh fading-averaged spectral effi-
ciency of a noise-limited cellular system with the Max-SINR
scheduler is

whereF, () is the CDF Ofyyax.

1) Statistics Ofymax: TO evaluateC,,, in (15), we first
need the CDF ofy,.,. This is derived below.

Lemma 4: The CDF of~,,.x iS given by
N (N) M N (g)
n o n4+1
F’Ymax(’)/):l +Z(_1)nzexp (_671]67) H H(l—i_)\zm’}/)_l OMSNR N 10g2 (e) Z(_l) Z exp(ank)
n=1 k=1

. 1 n=1 k=1
IESHN,ym=1 x [0(0,60%) = T (0,8, (257 —1))] . (19)

where 6, = Ziesk(N,n) m. Aim = Oéim/ai(). and
Sk(N,n) is an n-element subset of the index set u
{1,2,---,N}. The number of possible subsets (i¥), and
k indexes all of these subsets. _ C. Spectral Efficiency of Proportional Fair Scheduler
Proof. The proof is given in Appendix C. u The PF scheduler balances fairness and the use of multi-user

To facilitate the analysis, define the following function: diversity, to enhance cell throughput [12]. The PF schedule

1 M . makes the base station transmit to a user who has the largest
P () = iy IT IIG+X%am™".  (16) value of the following normalized metric [13p, — 2o,
€Sk (Nyn) m=1 wherey, = E(v,) is the average SINR of the-th user. The
value of#¥,, can be obtained at the scheduler through a time
reveraging mechanism. It should be noted that alternatéasetr

subset (of sizen;(n, k)) contains all the terms with the same?® possible for the PF scheduler. For example, the ratedbas
value of \;,,,. With the above book-keeping notation in placéNetfic: C(7x)/C (), with C(7,) being the instantaneous
we have the following theorem about the average spectﬁﬁec”al efficiency ?”CC(%)_ a moving window averaged
efficiency of the Max-SINR scheduler. spectral efficiency, is used in [2], [14] (and the references
Theorem 1: The average spectral efficiency expression fgPerein). The SINR-based metric and the original rate-tase

a cellular system withV users and the Max-SINR schedulefnetric share the same important characteristics, andaaoc
in a Rayleigh fading environment is given by almost the same portion of time slots to each user [13].

The n-th user is scheduled ip,, > kr&ix)(cpk). Define

Furthermore, the product terms of the fofh+ /\imy)’l in
®,, (x) are partitioned intaL(n, k) subsets, such that eac

N () L(n.k) _ i
c _; et N R—— Pmax,n = k?r}cai (pr) as the largest metric of all other users
MSINR Og2(€) ( ) l(n7 ) (k#n) . .

except usen. Usern is scheduled ify,, > 7, - ¥max,n. Thus,

n=0 k=1 [=1
mi(nk) (1 the cell spectral efficiency of the PF scheduler is [13]
ﬁi (TL,]C) my(n,k)—1i 6nk
X =1 0k exp N B N
1 — n _ —
=1 AN CPFZZE [C('Yn)h/n > ’Yn(pmax,n] P(’Yn > Vn(pmax,n)a (20)
y { r [2 —m(n, k), 5 (n,k)} } n:l( )i o o
Cnl Sk Conse : where C'(v,,) is defined in (5), and the expectation is per-
r [z mi(n, k), X(ng T O (2 1)} formed over the small-scale fading of all users.

Here, §,; is defined in Lemma 4, and the coefficients Equation (20) can be expanded toC,, =
ﬁi(l) (n, k), fori=1,--- ,my(n,k), are given by Zgzl 155 C@) [ 10(@) Fppann (% dx, whereF,  (x)
0 9i—1 nF) is the CDF of the RV ymaxn, and takes the form

B0 n, k) = g [ Ml B )™ 02 0D R@ = I Fu@ = Mt PujaCia)
Proof: The proof is given in Appendix D. ' m Combining the above equations leads to

The above result simplifies considerably when the interfer-

ers are non-identical. N oo N i
In an interference-limited environment, the integrandlig)( Cer = Z/ C@)fya@) | T Frula (—I) dz. (21)
n=1"0 k=1

N _ ’Yn
can be written astLl(—l)"‘l Z,(;)l ®,, () whenp — B (k#n)



N

CMSINR = 10g2(€) Z(_l)n_l

n=0

(%) L(n.k)

Ai(n, k) ~mimk)

N
n

k=1 I=1

+ (Ni(ny k)™t 4 20mes — 1)”mz<nyk>] N

my(n,k)—1

gl k) 1
(i =1 my(n,k)—1

{)\l (n’ k)ml(n,k)—i

=1

Bf(ib)z(n.k) (n, k) )
T ) — 1 ™ [ A B) (2

- 1)]

(18)

Further analytical simplification is difficult due to the pict
of various CDFs and &og function in C(z). The spectral
efficiency, therefore, needs to be evaluated numerically

substituting (5), (8), and (9) into (21). However, closed-
form expressions can be obtained, as shown below, if we

N
n=1"

assume that the scheduling metri¢g,, are i. i. d. This

approximation makes intuitive sense because the fairness o,

the PF scheduler comes from the scheduling metrics being
proximately identically distributed. In addition, the sctuling
metrics are obtained by normalizing the SINR with respect
their respective mean values, which takes care of the difter
MS locations. The accuracy of this i. i. d. approximation i
validated by simulation results in Section V.

Corollary 6: Assuming that the scheduling metrics are
i. i. d., the Rayleigh fading-averaged spectral efficientamm
byterference-limited cellular system with the PF schedide

log, (¢) N N AN L m®
_ 108gole k—1 Qno \ "
g R ()5 ()
n=0 k=1 =1

) =1 5(1) i~V i—m®
apj «— B;7(n, k) (ano) " (ano o ) ”
X o= + (=421

i=1 mgll) —1 Qnl Qnl
to
s +B(Al)(1)(na k) In |:1 + ﬂ (2Cmax _ 1):| } ) (22)
Mn Qno

Theorem 2: The short-term Rayleigh fading-averaged |, 5 noise-limited environment, the average spectral effi-

spectral efficiency of the PF scheduler with the assumptignancy is obtained by setting:

of i. i. d. scheduling metrics is given by

(&)

N N

m®
I UE )

e oo 5]

where, as in Lemma 3, th&/ + 1 variables{a,,,,}M_, are

Ly

>

=1

N
k

log;(e) no

(

k (2Cn1ax —
’?nO

),

= 0, and the result is stated
as follows.

Corollary 7: Assuming that the scheduling metrics are
i. i. d., the Rayleigh fading-averaged spectral efficienty o
noise-limited cellular system with the PF scheduler is

_ log, (e) N k—1 5%
CPF - N ;; k ( 1) €n
CI]]&X
‘ [r (0, i) 1 (o, “—)] (@23
Yno Yno

partitioned intoL,, subsets, with each subset containing all No i i. d. metric approximation is necessary for the special

and only the variables with the same valcmfé). Without loss
of generality, leta,,o be in the first subset, e., a,,0 = a;”.
Thenfngf) =1+k (mﬁf) — 1) if =1, andfngf) = kmﬁf), for

1<l <Ly, Wheremg) is the cardinality of thd-th subset
as defined in Lemma 3. The coeﬁicie@ﬁ) is

(o) )

«
n0 m=0 =

O]

n

I
(i —1)!oy—1

anm

30—
Bl Qno

2n0

N
Proof: The proof is given in Appendix E.
As before, the average spectral efficiency expression of
interference-limited system can be obtained by letfing oo,

and the integrand of the spectral efficiency expression ean

(O (- 55)

Performing partial fraction expansion of the product temm i
the above expressionleads to the following corollary.

_mgll)

N

_ Z(_l)k—l

k=1

LTI,

[1

=1

(@)
1+ aL:v
Qno

N
k

[1 - FJ ()]
1+

case in which the SINRs of all users are i. i.i@,, . = 7.,
Vn # k. In such a case, the spectral efficiency expression of
the PF scheduler simplifies to

N
H F’Yk‘a('r)
k=1

The above result is intuitively obvious since the the MakiS|
scheduler is fair when all the users have the same average
SINR as all the users are served for the same average time
duration.

Coos = /0 Cla)d O (24)

Dn A Unified Spectral Efficiency Expression for All Scheduler

Based on the analysis so far, we can write a unified
éxpression for the spectral efficiency of RR, Max-SINR,
and PF schedulers. This provides further insights about the
performance differences among the different schedulers.

From (7) and (15), the spectral efficiency of all the three
schedulers is given by

1L
CZIng(e)NZ/O
n=1

1
1+

G (z)dz, (25)



where A. Spectral Efficiency of the Round-Robin Scheduler

The average spectral eﬁicienaiIRR, with a RR scheduler

L= Fyoja(z), RR scheduler is now obtained by combining (7), (10), and (29), as

Gn(x) =4 1—FEY (z), PF scheduler (26)
1-F,,.(z), Max-SINR scheduler a log, € i /vT 1 0 Elog, v — s, . (30)
" N n=1 0 1 + v O-;)"n g

The following intuitively obvious corollary then follows.
Corollary 8: The spectral efficiencies of the RR, PF, and Since the Gaussian-Q function is itself an integral, the

Max-SINR schedulers are related by the following ineqyalitaverage spectral efficiency expression in (30) requiresca tw
fold integration. This can be simplified by using the follogi

(27) accurate and recent approximation that expresses the i@auss
Q function [19] in terms of elementary functions only:
where C,, = C,. if and only if the SINRs{~,})_, are (1 e A7) o2

deterministic, andC,. = C,. if and only if the SINRs Q(x) = ¢

{y}N_, arei. i. d. B
Proof: The proof is given in Appendix F. m where A — 1.98 and B = 1.135 are obtained through an

The above analysis is based on the assumption that fHdimization described in [19]. Usin@(z) = 1 — Q(-z),
scheduler has perfect knowledge of the channel state imfornfor © < 0, we can simplify the representation ¢f., by
tion. It is expected that channel estimation error in pradti cOmbining (30) and (31). The final expression is a singledfinit
systems will negatively affect the performance of the clenn integral with only elementary functions in its integrand.
aware Max-SINR and PF schedulers, but will have negligible Alternate approaches have been used in the literature to
impact on the channel-unaware RR scheduler. address the difficulty in analytically simplifying (30). [6],

upper and lower bounds of the functitsg, (1 + ) are used.
However, the bounds are loose for small reuse distances.
IV. L ONG-TERM SPECTRAL EFFICIENCY ANALYSIS The approximationlogy(1 + v) ~ v was used in [15].
UNDER COMPOSITE CHANNELS However, this approximation works only for small values of
~. Using the approximation of (31) leads to a more accurate

We now investigate the spectral efficiency when both smaftharacterization of the SIR over a wider range of its values.

scale Rayleigh fading and long-term lognormal shadowireg a5 Spectral Efficiency of the Max-SIR Scheduler

considered. For analytical tractability, we limit our aysb . . .
to interference-limited systems in which the noise is rggl The Max-SIR scheduler serves the mobile station with the

ble [4], [6]-[8], which is the case when the cellular system&9Nest SIR. Letinax = max {31,792, -, v} denote the
are operating closer to peak capability. Define the SIR as MaXimum SIR among all users at any instant. From (29), the
CDF of ynax Can be written as

CRR < CPF <C

MSINR ?

, forz >0, (31)

S, 5
[ v — 28 — ~
"= (28) &miﬂ_IIP_Q<§%Q;ﬁﬁ”, (32)

o
n=1 Yn

_ 5 - . . .
where 5, = O‘"0|930| s the rece|v2eq d(;swed S|gna]Ic Cr?m'where the equality follows because the SIRg,}._, are
ponent power, andy, = nm|gam|” iS the power of the independent. After substituting (32) into (15), the spalctr

co-channel interference from the-th BS_' _ efficiency of the Max-SIR scheduler upon averaging over
As before, we first analyze the statistics of the SIR of Gomposite fading is

single user. Due to the combined effects of shadowing, and

fading, the received signal powe,,, and interference power, ~ T ] il &log, v — s,

I.m, follow a composite Rayleigh-lognormal distribution, forCMS'R:k’g?(e)/0 1+~ 1_H[1_Q (T)] dy.
which no closed-form pdf formula is available [24]. However n=t "

it has been shown in [26] that the SIR,, can be accurately ~The above expression can be simplified by using (31).
approximated by a lognormal R¥,,, whose parameters arec gpectral Efficiency of the Proportional Fair Scheduler

determined using an efficient and flexible moment generating_l_h PE schedul h bil . ith the hiah
function (MGF) matching method [17]. The CDF of the € scheduler serves the mobile station with the highest

lognormally distributed SIR%,,, can then be written as scheduling metricg, = 4./7,, wherey, = E(,) is
g y g the shadowing and fading-averaged mean of the SR
&Jw_1_Q<EE@ﬂ;ﬂh

Assume, as before, that the metriga, }”_, are identically
o5, > ’

n=1

(29) distributed. This results in the following expression foet
spectral efficiency of the PF scheduler, which is obtained by

where Q(r) — - [ exp(_%_z)dy s the Gaussian-Q combining (25) and (29):

function andyu, and ag are the dB moments of the Iog-é _logy(e) /N Tr(=1)k=L L Elog, v, i
normal RV 7,,. The values of, andag can be obtained " N ZZ k /0 147 @ i

with the method described in [26]. k=l

O9n



Applying the Gaussian-Q function approximation in the abov Average Spectral Efficiency in a 7-Cell System
. . . . . . 16| x 1 Sector (simulation) [ T T T
equation yields an expression with a single integral. 1 Sector (analytical)
It should be noted that the above spectral efficiency ex- 1 _S_ggzzig:zgzgl“y':ggy M SINR ]
pressions are also applicable to systems operating in @-nois v_ 6 Sectors (simulation)
‘‘‘‘‘ 6 Sectors (analytical)

limited composite fading-shadowing environment or in an 12r

environment with only lognormal shadowing and no (or min-
imal) Rayleigh fading. In both cases, the only change in the
above analysis is the recomputation;of, and a%n.

10

Spectral Efficiency (bps/Hz)

V. NUMERICAL EXAMPLES

We now compare the analytical results with Monte Carlo
simulations and quantify the effects of the main system
parameters. A representative hexagonal cellular laybiotya
in Figure 1, with a reuse factor of 1 and up to two tiers of 0 2 4 6 8 10 12 14
. . . . SNR at cell corner p (dB)
interfering BSs is used. The pathloss exponent is assumed to
be 3.7 [1]. The dB standard deviation of all lognormal RVs iSig. 3. Short-term Rayleigh fading-averaged spectraliefficies of the Max-
o = 8. Unless otherwise specified, tiheth user is placed at a SINR scheduler and the RR scheduler with different numbesestors as a

. k . . . . function of cell corner SNR.
distance ofy; R from its serving BS, wher& is the cell radius,
and at an azimuth o% Such a user placement scheme can

Average Spectral Efficiency of PF Scheduler in a 3—Sector System

help understand the effect of different interference stiat 10 ‘ ‘ ‘
at different user locations. Each simulation point is geatest * L-cell (simulation)
with 50,000 realizations of small-scale and large-scatinta of| T Lreel(anabtical

o 7-cell (simulation)
- = = 7—cell (analytical)
v 19-cell (simulation)
‘‘‘‘‘ 19-cell (analytical)

A. Small-scale Rayleigh Fading-Averaged Spectral Effgien

Figure 2 plots the spectral efficiencies of the Max-SINR, PF,
and RR schedulers for different numbers of M35, in the
cell. The SNR at the cell corner js = 10 dB. As expected,
the Max-SINR Scheduler increases mosf\agcreases, since
it benefits the most from multiuser diversity, followed by PF
scheduler and RR scheduler. Notice that the simulation and
analytical results agree very well for all three schedul&tre 4
analytical results of the PF scheduler are obtained bas#ukeon

Spectral Efficiency (bps/Hz)

approximation that the scheduling metrics are i. i. d, wttile 3 : m ‘

simulations are performed without such an assumption. The
excellent match between the simulation and anaIyticaIIllsesuF

15
SNR at cell corner p (dB)

20

verifies the accuracy of this approximation.

ig. 4. Short-term Rayleigh fading-averaged spectralieffiies of the PF
scheduler with different number of CCls.

The spectral efficiencies of the RR scheduler and the Max-
SINR scheduler in 1-sector, 3-sector, and 6-sector cells ar
plotted in Figure 3 as a function of the SNR at the cell corneThe number of users in the center cellliz The total system

Spectral Efficiency (bps/Hz)

Fig. 2. Short-term Rayleigh fading-averaged spectraliefiiies of systems

16

14

-
N

i
o
T

0o
T

(=
T

Average Spectral Efficiency of a 7-Cell System

* Max-SINR (simulation)
— Max-SINR (analytical)
o PF (simulation)
- - PF (analytical)
v RR (simulation)
‘== RR (analytical)

8
Number of MS N

with various schedulers.

bandwidth is evenly divided among sectors. One user in each
sector is scheduled at any moment. It is interesting to note
that sectorization has opposite effects on Max-SINR and RR
schedulers. Sectorization benefits RR scheduler by regucin
the number of CCls. On the other hand, the performance
of the Max-SINR scheduler suffers from sectorization. This
performance degradation is because the bandwidth must be
shared by the best users in each sector, whereas the entire
bandwidth is allocated to the best user in a one-sectormyste
The reduction of CCIl due to sectorization is not enough to
compensate for the capacity loss incurred by spectrumrgari
among sectors for the Max-SINR scheduler.

Figure 4 plots the spectral efficiency of the PF scheduler
in the absence of CCI, with only first-tier interferers, and
with both first- and second-tier interferers. Such secaad-t
interferers can be easily included in our analysis sinces it i
not constrained by the assumption that they are identically
distributed. There are 15 users uniformly distributed ie th
center cell. Each cell has 3 sectors. It can be seen that CCI
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5 T T T 11 4 —©— constellation limit: 64QAM (Max-SIR)
*  Max-SINR (simulation) —+— constellation limit: 16QAM (Max-SIR)
45+ Wiical -~ -~ constellation limit: 256QAM (PF)
Max-SINR (analytical) 101 .o~ constellation limit: 64QAM (PF) 1
41| © PF (simulation) 1 -+ constellation limit: 16QAM (PF)
e - - - PF (analytical) 9 = ® = constellation limit: 256QAM (RR) b
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Fig. 5. Short-term spectral efficiency of the system withedagime-varying . . ) o
Rayleigh fading and slower time-varying lognormal shadmwas a function Fig- 7. Composite channels: Effects of constellation sizrétd on spectral

of time when averaged over a window of duration 5 sec. efficiency for RR, PF, and Max-SIR schedulers.
Average Spectral Efficiency in a 7-cell System ..
167~ - analytical with F-W (exact Q(x)) ; : model [27]. We see that the spectral efficiency of the Max-
— analytical with MGF (approximate Q(x)) B SINR scheduler now changes with time and is sensitive to
14 'O~ analytical with MGF (exact Q(x)) IR §

time variations in lognormal shadowing. On the other hand,
the short-term spectral efficiencies of RR and PF schedulers
remain relatively flat.

B. Long-Term Spectral Efficiency for Composite Channels

5 We now consider spectral efficiency results for Suzuki
fading statistics. We first study the case where there ismi li
on the modulation constellation size. Figure 6 plots theaye
spectral efficiency as a function of the number of users per
cell when only first-tier interference is considered. Theuits
obtained by using the conventional Fenton-Wilkinson (F-W)

‘ ‘ ‘ lognormal sum approximation [18] and by using the Gaussian-
2 4 6 8 10 12 14 . . .

Number of users per cell N Q function approximation employed are also shown. For a
9-user system, the F-W method overestimates the spectral

Fig. 6.  Composite channels: Comparison of spectral effigieresults efficiency by 10.6%, 17.3%, and 19.9% for the RR, PF, and
from analysis (using different lognormal sum approximatimethods) and ! P ' !
simulations for RR, PF, and Max-SIR schedulers. Max-SIR schedulers, respectively. The excellent agreémen
between the simulation and the new analytical results for

all the schedulers demonstrates the accuracy of both the

has a significant impact on the spectral efficiency for largdGF-based lognormal sum approximation and the Gaussian-
values ofu. While the spectral efficiency of a noise-limitedQ function approximation employed in the analysis. We also
system increases almost linearly with(dB), it saturates for note that the F-W approximation is the major source of errors
1 > 15 dB in the presence of CCIl. Not accounting for Figure 7 shows the effects of constellation limits on the
the second-tier interferers overestimates the specfialezicy System spectral efficiency. While the Max-SIR scheduler al-
by 0.5 bits/sec/Hz whem = 20 dB. Notice again that the ways outperforms the PF and RR schedulers, limitations on
simulation and analytical results agree very well. the constellation size undercut its throughput advantagaex

To understand the relevance of small-scale fading averad\/\f,lla)_('sIR scheduler quickly reaches the spectral efficiergy c
spectral efficiency, Figure 5 plots the spectral efficientcthe ¥\ hile all schgdulers bengflt from haylng larger constailati
system averaged over a window of duration 1 second asig® for adaptive modulation and coding, the Max-SIR sched-
function of time. This is done for a 7-cell, one-sector sm;teL”er benefits the most and the RR scheduler benefits the least.
with 10 mobile users per cell, and a cell corner SNR of 6
dB. In the simulations, both Rayleigh fading and lognormal VI. CONCLUSIONS
shadowing occur and change with time, albeit at different We derived analytical expressions for the average spectral
time scales. While Rayleigh fading decorrelates every tinegficiency of cellular systems for a wide range of schedulers
a user moves a distance equal to the wavelength, lognornmaéxact closed-form when averaging over Rayleigh fadimg, o
shadowing has a much longer time correlation coefficient of a single integral form when averaging over both shontater
0.8 over a time period of 5 seconds. This correlation fdading and long-term shadowing. The spectral efficiency-ana
lognormal shadowing is generated as per the Gudmundsais for the Max-SINR/Max-SIR, PF, and RR schedulers was

*  simulation -

Max-SIR

10r

=5
=

Spectral Efficiency (bps/Hz)
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sufficiently general to include the effects of Rayleigh fayli Denotea, = an‘il (1 4 Qam 7)71 exp (_71 . ;) then
lognormal shadowing, non-identical co-channel interfess AN ano . oo

first- and second-tier interferers, and limited modulatom- we haver,,.(7) = I}V”:l(l - a")’N\;VhICh can be expanded
stellation size. Several of the above aspects were noti@ptut0 £y, (v) = 1+ 3, (=1)" > [lics, (wv.n) @i» Where

by previous works. Sample results show that the impact &f(/V,n), defined in the Lemma statement, is theth n-
sectorization strongly depends on the scheduler — whileellement subset of1,..., N'}. The result in Lemma 4 im-
is beneficial for RR scheduling, it is detrimental for Maxmediately follows.

SINR scheduling. We also found that ignoring second-tier

g\terfsre?gi %\_/te;e/sﬁmaltes the a?:hlevable .Ttpectral e:fbgn % Proof of Theorem 1

y about0.4 bits/s/Hz. In general, our results can be use . .

as a benchmark for calibrating the results of system—level!:rom Lemma 4 and (16), the integrand in (15) can be

simulators, and provide insights into the different fastor/1tten as
influencing area spectral efficiency. n-F, ()] & (%)
e L N (1) Y T B (y). (36)
1+ 7 n=1 k=1

A. Proof of Lemma 1 APPENDIX

Let 1 — an\fﬂ Ihm|? + 1 denote the denominator in the.We then perform a partial fraction expansion of, ()

SINR formula given in (4). As the numerator of the SINR" (16), use it in (15), and simplify to get the result.

expression is an exponential RV, the pdf of the SINR, is
E. Proof of Theorem 2

Sonla(7) = / ai exp (-aln) fn(n)dn, (33)  Assuming that the{¢, }N_, are identically distributed im-
0 Tno "0 plies that the CDF 0foyax.n IS
where f,(n) is the pdf ofn. The form of (33) leads to an

alternate and convenient representatiory.ofi,(v) as: Fppaen () = F) (@) = F (). (37)
1 9 From (37), we have Ce. =
Frata) = =5 M (s) . (34) S J5T C@) fy (@) FY, (w)de, which can be further

written asC,, = gl sV w1 {1 — FN (:v)] dz.
where M, (s) = [~ e f(n)dn = T, (1 — cms) T ed/? PE N =1Jo" Ttz Ve

m=1

is the MGF ofy, and can be easily calculated even though The integrandr—— {1 - F%a(x)} can be expanded as
is the sum of not necessarily identical (but independerit) ch N0
squared RVs. Combining the above equations results in (8). XN:( 1yE-t <N> ke ﬁ < oV ) "

€°%no 1+ —=
Qno

(38)

B. Proof of Lemma 3 =1 k 1—1

Based on the subset partition described in Lemma 3 apdrforming partial fraction expansion of the product term i
the CDF F,, () from Corollary 1, the integrand of (7) can(38) leads to the result.

be alternatively written as F. Proof of Corollary 8
L. o\~ ~ We havel — F ,(z) < 1— FY (z) becaused <
L[l—Fma(V)] = exp <_ ) (1 + O‘L7> F, |a(x) < 1. Therefore, from (25)C,, < C... The equality
L+ pPano /2 &no holds whenF’, |, (z) = 0 or 1. The arithmetic mean geometric

mean inequality implies that
Expanding the product term of (35) in terms of partial N
fractions, we can rewrite the right hand side of (35) as 1 1
g ( ) AT Z N (‘r) Z T Z F’Ymax

N 'Yn|0‘

n=1 n=1

N
(@) =[] Frjalz), (39)
0 =t

exp(——2—) L.m{ 0 i— (m{) —i+1)
b P&nO ﬁz Qano Qn P . . .
Z - 14+ ——~ This implies thatC,,. < C, ., With equality whenF’, |, (z) =

1+ ZE - no F, ja(z), Vn # m.

where aﬁf), L,, mﬁf), and Bfl) are defined in the Lemma

statement. Substituting the above results in (7) leads tb). (1
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