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Abstract
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objective function. The main contribution of the proposed technique is the addition of a
proportional action that can be used to minimize the impact of a time-scale separation on the
transient performance of the extremum-seeking control system. The integral action fulfills the
role of standard ESC techniques to identify optimal equilibrium conditions. The effectiveness
of the proposed approach is demonstrated using a simulation example.
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Abstract

This paper proposes a proportional-integral extremum-seeking control
technique for a class of discrete-time nonlinear dynamical systems with
unknown dynamics. The technique is a generalization of existing time-
varying extremum-seeking control techniques that provides fast transient
performance of the closed-loop system to the optimum equilibrium of a
measured objective function. The main contribution of the proposed tech-
nique is the addition of a proportional action that can be used to minimize
the impact of a time-scale separation on the transient performance of the
extremum-seeking control system. The integral action fulfills the role of
standard ESC techniques to identify optimal equilibrium conditions. The
effectiveness of the proposed approach is demonstrated using a simulation
example.

1 Introduction

Extremum-seeking control (ESC) has grown to become the leading approach
to solve real-time optimization problems [16]. Following the seminal work of
Krstic and coworkers ([9], [8], [2], [1], [3], [18]), this strikingly general and
practically relevant control approach is equipped with an established and well
understood control theoretical framework. The main drawback of ESC is the
lack of transient performance guarantees. As highlighted in the proof of Krstic
and Wang [9], the stability analysis relies on two components: an averaging
analysis of the persistently perturbed ESC loop and a time-scale separation of
ESC closed-loop dynamics between the fast transients of the system dynamics
and the slow quasi steady-state extremum-seeking task. While the averaging

*M. Guay is with the Department of Chemical Engineering, Queens’ University, Kingston,
ON, Canada. martin.guay@chee.queensu.ca

TD. J. Burns is with the Mechatronics Group at Mitsubishi Electric Research Laborato-
ries, 201 Broadway, Cambridge, MA 02139. burns@merl.com, and is the author to whom
correspondence should be addressed.



analysis highlights the stability properties of ESC systems, the need for a slower
time-scale for the optimization dynamics invariantly leads to a slow performance
of the closed-loop ESC system. The objective of this study is to develop an ESC
technique that minimizes the impact of time-scale separation on the transient
performance of ESC systems for a class of discrete-time nonlinear dynamical
systems.

The vast majority of existing results on ESC have focussed on continuous-
time systems. Although discrete-time systems can be treated in an essentially
similar fashion, the application of gradient descent in a discrete-time setting re-
quires some care. A discrete-time version of the standard ESC loop was studied
in [2] and [3] where convergence results similar to continuous time systems are
obtained. A similar algorithm was also proposed in [7] for the tuning of PID con-
trollers in unknown dynamical systems using ESC. Discrete-time ESC subject
to stochastic perturbations is studied in [12]. A stochastic ESC approach for a
class of discrete-time nonlinear systems is proposed in [11]. The use of approxi-
mate parameterizations of the unknown cost function using quadratic functions
was recently proposed in [14]. An alternative ESC-like approach was proposed
in [17]. In this study, a trajectory based approach is used to analyze the prop-
erties of nonlinear optimization algorithms as dynamical systems. It is shown
that properties of the nonlinear-optimization algorithms are suitable to assess
the convergence of certain classes of ESC applied in a sampled-data approach.
This approach was recently studied in the context of global sampling methods
in [13] where trajectory based properties of nonlinear optimization methods are
used to establish robust convergence. The main objectives with the trajectory
based techniques is to analyze the properties of optimization algorithms assum-
ing that they can converge to the true optimum using only the measurement
of the objective function and possibly the constraints. In the context of ESC,
one must either imply that the nonlinear optimization techniques do not rely
on gradient information or, if they do, this gradient must be either measured or
estimated. Some techniques such as [19] and [20] make use of sporadic gradient
measurements in extremum seeking control. Other techniques [15] go as far
as requiring the existence of multiple (nearly) identical systems to enable the
estimation of gradient information.

This paper proposes the design of a fast ESC for discrete-time systems. The
approach is based on a proportional-integral ESC (PIESC) design technique ini-
tially proposed in [6]. The approach extends the time-varying discrete-time ESC
technique proposed in [5]. The PIESC technique proposed here is a combination
of an integral action which corresponds to the standard ESC control task used to
identify the steady-state optimum and a proportional control action designed to
ensure that the measured cost function can be optimized instantaneously. Un-
der suitable assumption on the dynamics of the system and the cost function,
this action can be shown to minimize the cost over short times while reaching
the optimum steady-state conditions. The use of the proportional action is one
aspect of the proposed approach that can be used to expand the range of appli-
cability of ESC. One can argue that a large class of problems could be solved
by first designing a robustly stabilizing feedback to the unknown system that is



amenable to the application of standard ESC. However, the combination of stan-
dard ESC with a stabilizing feedback implies considerable a priori knowledge of
the process dynamics. Precise knowledge of the process dynamics violates the
main assumption of ESC that the mathematical formulation of the process is
unknown. Furthermore, this study establishes that the proposed ESC can be
used as a possible candidate for stabilization (and optimization) of nonlinear
discrete-time systems. The corresponding feedback solution can be argued as a
Jurdjevic-Quinn damping feedback for discrete-time nonlinear systems, as pro-
posed in [10]. Such state-feedback solutions have not been established in the
context of discrete-time ESC design.

The paper is organized as follows. A problem description of the ESC problem
along with the key assumptions is given in Section 2. The proposed proportional-
integral ESC controller is described in Section 3. The closed-loop stability of the
PI-ESC and the main theorem of this study is presented in Section 4. Simulation
examples are presented in Section 5 followed by brief conclusions and proposed
future work in Section 6.

2 Problem description

We consider a class of nonlinear systems of the form:

Thr1 = ok + f(xn) + g(zr)uk (1)
y = h(zg) (2)

where zp € R™ is the vector of state variables at time k, wj is the vector of
input variables at time £ taking values in &/ C R? and y; € R is the objective
function at step k, to be minimized. It is assumed that f(x) and g(xj) are
smooth vector valued functions and that h(xy) is a smooth function.

The objective is to steer the system to the equilibrium z* and u* that
achieves the minimum value of y(= h(z*)). The equilibrium (or steady-state)
map is the n dimensional vector z = 7(u) that solves the following equation:

f(r(w)) + g(m(u))u = 0.
The corresponding equilibrium cost function is given by:
y = h(m(u)) = (u) ®3)

At equilibrium, the problem is reduced to finding the minimizer u* of y = £(u*).
In the following, we let D(u) represent a neighbourhood of the equilibrium
x = 7(u).

The following additional assumption concerning the steady-state cost func-
tion £(u) is required.
Assumption 1 The nonlinear system is such that

Vah(m(w))g(m(u)(u — u*) 2> ayllu —u*|?

for some positive constant o, Yu € U.



Assumption 2 The cost h(x) is such that

Oh(z") _
1. e

2. Cha) - 81, vz € R"

where B is a strictly positive constant.

It is assumed that the cost function dynamics has relative degree one in D(u).
The cost function dynamics are expressed as follows. We let a(xg, iix) = zx +
f(zx) + g(xk)ty where 4y is used as an estimate of the unknown optimum
equilibrium p dimensional vector of input variables, u*. The rate of change of
the cost function yr = h(xg41) is given by:
h(@g41) — h(zg) = h(zg + f(zr) + g(ar)ur)
— h(a(zk, tg)) + h(a(zg, dx)) — h(zg).

The first two terms can be rewritten using the second order Taylor formula as:
h(zg + f(zr) + g(zr)ug) — h(a(zk, 4r)) =Vh(a(zk, ir))g(ar) (ug — Gg)
(ur, — ) " g () "V R(GR) g () (ur, — i)
(4)
where g, = a(xg, G) +0g(xr)(ur — tx) for € (0,1). We rewrite (4) as follows:
h(ae + f(zr) + g(ze)ur) — hlelar)) = Vo k(e ue, @) (ur —ax)  (5)

where
1

W g (s ks k) = (Vh(er, r)g(en) + 5 (u — @) Tg(a) TV2h(Gr)g (ax)-

We also define the following
ok, @) = ha(zg, d)) — h(zy).
and write the cost dynamics as:

Ykt1 — Yk = Yo u(Tr, Ur) + V1 (@, ug, Ur) (ug, — Ug).

The last equation provides a parameterization of the discrete-time cost dynamics
that is amenable to the statement of assumptions concerning their stabilizability.
The term W identifies the drift termof the unknown dynamics while ¥y g
provides a representation of the control direction at step k.

By the relative order one assumption on h(z), the system’s dynamics can be
decomposed and written as:

Eorr = &k + Y (&ks yn) (6)

Yk+1 = Yk + You(@k, W) + Vi g (Tr, ug, Ur) (U, — Ug) (7)



where & € R"™1 and ¥(&, i) is a smooth vector valued function. In the
process dynamics (6), the variables & represent the state variables of the zero
dynamics of the control system.

The following assumptions provide conditions for the stabilizability of the
discrete-time nonlinear systems. The first assumption defines the type of state
feedback controllers that are considered.

Assumption 3 There exists a function ux = ap(xg, i) that solves the iden-
tity:

ap (g, ) = =k, Uy g (21, ap (2, ar), ax) T + .
This assumption simply establishes that the feedback:
up = —kg W1 g (Th, up, )" +

is well defined.

Assumption 4 There exists a positive definite function W (&) that satisfies the
following inequalities:

Billzy — m(@)[* < W(E) + h(x) < Balay, — m(@)]|?
with positive constants B1 and B2, and a positive constant kg such that:

W (Ekr1) + h(a(zr) = W (&) — h(zk) — K5V gk (2k, ap (2, ), ) |2
< —ael|zy, — (i)
with positive constant o, Vi, € D(4) and Vi € U.

Assumption 4 states that W + h is non-increasing along the vector field f(z) +
g(z)u over some neighbourhood of the steady-state manifold x = 7(u) at a fixed
value of the input y.

3 Proportional-Integral Perturbation Discrete-
time ESC

In this section, we present the proposed ESC controller.
Recall that the cost function dynamics can be parameterized as follows:

Yer1 = Y + b0, + 07 (wr, — @)

where the time-varying parameters 6y ;, and 6, ;. are identified with 6y 1 = Vo
and 0 ) = \IllT,~C



Since the parameters 6 ;, and 6; j are unknown, they must be estimated. Let
0o, and 0y ;, denote the estimates of 6y 5, and 6, j, respectively. The proposed
proportional-integral extremum-seeking controller is given by:

U = _kgél,k + g + di, (8)
. ) 1.
Upy1 = Up, — ?91,1«
T

where k, and 77 are positive constants to be assigned. The term dj, is a dither
signal used to provide a sufficiently signal in closed-loop. The dither signal is
bounded and such that ||dg|| < D where D is a known positive constant.

In practice, this algorithm can be assigned in the velocity form as follows:

A A 1 4
Upt1 = U — k(01,541 — O18) — ;91,k + di.
In what follows, the analysis will be performed for the controller (8).

3.1 Time-varying parameter estimation approach

This section describes a scheme that allows the accurate estimation of the pa-
rameters 0y ;, and 6, ;. Note that the estimation of y j is necessary to ensure
that the estimates of 8 , are not biased.

Consider the following state predictor

Ue+r1 = Up+ éo,k + é{k(uk —ay) + Kpep, — WkT+1(ék - ék+1) (9)

where 6}, = [éo,k, éi’:k]T is the vector of parameter estimates at time step k given
by any update law, K} is a correction factor at time step k, ex = yr — U i8S
the state estimation error at time step k. We let ¢p = [1, (ug — 1x)T]7. The
variable wy, is the following output filter at time step k

Wrt1 = W + ¢ — Kjpwy, (10)

with wy = 0. In what follows, we denote the parameter estimation error as
O, = O — Oy

Using the state predictor defined in (9) and the output filter defined in (10),
the prediction error ey = yr — yi is given by

eer1 = en+ Oulrir — Kiew + iy (O — Oerr) + Wiy (Org1 — Or)
eo = Yo — Yo- (11)
An auxiliary variable 7 is introduced which is defined as n = e — wgék Its

dynamics are described as follows

Met1 = Nk — K +wi i Okt — 0) = e — Ky + Y
Mo = €o. (12)



Since ¥y, is unknown, it is necessary to use an estimate, 7, of . The estimate
is generated by the recursion:
Ne+1 = Nk — Kyl (13)

The resulting dynamics of the ) estimation error are:

k1 = ik — Kpiig + wily 1 (01 — O) (14)

The proposed parameter estimation routine is an extension of recursive least
squares such as presented in [4] for the estimation of time-varying parameters.
Let the identifier matrix Y, be defined as

Yit1 = o, +wpwi +ol, Sg=al =0 (15)
with an inverse generated by the recursion
Sih =0k + o) — (0% + o) ' Quwf (oS + o)t (16)

where Qr = (14 1wl (aS; + oI)'wy,) . Using equations (9), (10), and (13),
it follows from standard arguments ([4]) that the preferred parameter update
law is given by:

Ori1 = Op + (@ + oI) " wrQrler, — i) (17)

To ensure that the parameter estimates remain within the constraint set Oy,
we propose to use a projection operator of the form:

5k+1 = Proj{0) + (o), + o1) " wiQx(ex — i), Ok} (18)

The operator Proj represents an orthogonal projection onto the surface of the
uncertainty set applied to the parameter estimate.The parameter uncertainty
set is defined by the ball function B(éc, 25.), where 6. and 25, are the parameter
estimate and set radius found at the latest set update.

Following [4], the projection operator is designed such that

° ék-f—l S @0

o O Xk10k1 <O Sry1brsn

One possible algorithm for the projection algorithm is as follows. Define the
upper bound for ||f|| (= L1). Let R =Chol(Xj41) denote the Cholesky factor
of ¥x41. Then we perform the following:

Algorithm 1 If ||fg41| > Ly then

L6
e Let § = k4L
10+l

o Let z, = /015,110,



o With p = Rfy1 define p = ﬁ,

o Let 5k+1 = Rilﬁ.
Otherwise,
o Let 5}€+1 = ék+1.

It is assumed that the trajectories of the system are such that the following
condition is met.

Assumption 5 [4] There exists constants B > 0 and T > 0 such that

1 k+T-1
T > wiw] > Brl, Vk>T. (19)
i=k

This requirement is a standard persistency of excitation condition that can
be found in most references on adaptive control and adaptive estimation. The
reader is referred to [4] for more details.

3.2 Summary of the approach

The key elements of the approach can be summarized schematically in Figure 1.
The technique combines a time-varying estimation algorithm with gains K and
a and the PI-ESC algorithm with proportional gain k, and integral constant
TI-

Try1 = 2k + f(zr) + g(zr)uk

A

Yk = h(zk)

FoTTmT T T TTTTTTTTTT T T T T T T T T ! rT - TTTTTh |
| Parameter Estimator : ! Control Law 1
! [ :
: ! 1 1

[NV !

e | ek 1 Ok wp

L > parameter + | PI controller :
| update | | |
! [ 1
: T ! 1 1
| pre- b _ | predict | ' : :
! condition | output ! ! 1
: [ 1

l
. A Do !
: (I 1

T
R V. )

Figure 1: Schematic representation of the PI-ESC approach.

A detailed schematic description of the closed-loop PI-ESC system is pro-
vided in Figure 2.

The tuning of the constant and the performance of the closed-loop system
are addressed in the next section.
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Figure 2: Schematic representation of the PI-ESC approach.

4 Closed-loop stability of PI-ESC

In this section, we present the main result of this study. It is stated in the form
of the following theorem.

Theorem 1 Consider the nonlinear discrete-time system (1) with cost function
(2), the extremum seeking controller (8) and parameter estimation scheme (9),
(10), (13), (15) and (18). Let Assumptions 1-5 be fulfilled. Then there exists
positive constants a, K, kg and 71 such that for every 11 > 7, the states xy,
and input uy of the closed-loop system enter a meighbourhood of the unknown
optimum (z*, u*).

Proof: Let @y, = ur — u* and consider the Lyapunov function:

Consider the following;:
_ :T ~ ~T ~
Wit = Wi = 0p 1810041 — 0 Xk
< ékT+1Ek+19~k+1 - ékTEkék. (20)

where the final inequality arises as a result of the properties of the projection
algorithm.
The parameter estimation error dynamics is given by:

01 = Ok + (01 — Ok) — (@Sg + o1) " wiQrer — k).
= O + (041 — Ok) — @Dk + o)~ wiQpwi Oy
— (% + o) wp Qrik



Note that by construction one can write the parameter estimation error dynam-
ics as follows:

Or1 = (Oks1 — Op) + Spi (@ + oD)0p — () 4 o1) " wrQriik

In the following, we define vy = (Opy1 — O) — (aXk + 01) " wpQx7k. Upon
substitution of the dynamics of 8, one obtains:

§k+1 :E,;ll(aEk +ol) [Z;l(azk_l + O'I)ék_l + 'Uk—l} + v (21)

One obtains the following by induction:

k

Orir = [ [Zi i (@i +01) 90+ZH[ L (@Zkg + oD)] v
=0 i=0 j=0

where we apply the convention ngo [E,: ]+1(O‘Ek—j + JI)] =

k

koo
Ot 221241-1 H [(aZk,i + UI)E,Z_li] (aXg + UI)é() + Z H {E,;_ljﬂ(azk,j + O'I):| Vk—j
i=1 i=0 j=0

k—1
_E;H [(OJ + UE,:L)] (aXg 4ol 00 + Z H [ kit (aXp—; + UI)] Vkh—i

i=1 =0 57=0

The matrix Y11 can be bounded as follows. The recursion for ¥ can be
rewritten as:

k k
Yka1 = akHEO + Z akiiwiwiT + Z o ioT

Then one can write:

k T
Shir < af N + Z of—i Zwiﬂwiﬂj +ol
i=0 j=1
k ) 1 _ ak}-‘rl
< oFtly, + Z ak_ZT(ﬁ +o)I < "y, + liT(ﬁ +o)l
-«
i=0

10



Similarly, one can provide a lower bound for ¥ ;. Consider the quantity:

k k
TS =Ta*" 'S0+ T Y o ww] +TY ool
i=0 i=0
k k—1
> TozkHZo + Z akiiwiwiT + Z akiiwiwiT—F
i=T i=T—1
k=T k
ot Z P wiw! + TZ ool
i=0 i=0
k=T
= To/HlZo + Z OékiiiTa)i_;,_TwZi_T
i=0
k=T
+ Z akfifolwi+T_1wz?;T_1+
i=0
k=T k
ot Z ol + TZ ey |
i=0 i=0

k—T T—1 k
=Ta" 1y + E akf? E a_Jijwﬁj +T E oI
i=0 =0 =0

k—T T—1 k
> Tk, + Z ak=t Z wi+jwiT+j + TZ o leT
i=0 j=0 i=0

k—N k
> Tk '8 + Y o TR+ Ty aF ol
=0 =0
aktl

T _
> Tab 1y, + aliTBTI +Tol
—

_ ok-TH1

T
1
— Tak+iy, + & ( T TPy +Tol

T T

T8I+ Tol > -2
— o 11—«

(67

> Tk, + . TBrI+Tol.

Assuming that Yo = agl, one gets the following bounds:

OJT

1
1 _aﬁTI—FO'I < Zk+1 < Oéo]+ mT(B—FO’)I

or,

1-a <yl < 1-a I
ag(l—a)+T(B+0o) — ktl = Bral +o(1—a) "

11



By the dynamics of 7, it is easy to show that:

k k
Mg = (1= K)o+ (1= K)F'wf (011 — 6:)
=1 =1

The term v can be written as:

vp =01 — Ok) — (X + oI) " wr Qriix

k—1 k-1
=(O41 — Ok) — (%% + 01) " Wk Qi (Z(l — KM+ (1= K w] (61 — 9i)>

i=1 i=1
As a result, one obtains the upper bound:

k .
k]l =D (1 = E)E= g |
i=1
k

+ Y (1= K will [ (Birr — 60)]

K2

Il
—

<Y (1= KR q|

-

@
Il
-

+) (1= K)E/B10;51 — 04|

-

I
—

K2

The parameter estimation error is such that:

k
1Bisll < TT (@ISt l1Semill + oS5, 1) 160
=0
ki
+ 5T (@ a1l + 0112 ) ol
i=1 j=0

I (e )

3T (o (ot 2 T DY

i=1 j=0

By smoothness of ¥q; and ¥, j, there exists positive constants Ly,, Ly,
and Ly, such that:

10i+1 = 0ill < [[Woit1 — Yol + [[W1i41 — ¥1
< Ly, ||zk41 — okl + L, [tk41 — Gxll + Lo [[(ukg1 — dr1) — (ue — )|

12



Vay € D(u) and Vu € U. Upon substitution of 41 @ig+1 and ug41, one obtains:

1041 — 0:]l < L, | f () + g(@n) (—kgb1i + i + di) |

Ly, - A )
712 101kl + kg Ly |0k+1 — Okl|-

_|_

By smoothness of f(z) and g(x), it follows that there exists positive constants
Lg and L¢g such that

1f (x) = f(m(@)l| < Lpller —m(aw)l, llg(er) —g(m (@)l < Lallzr — (i)
As a result, one obtains the following inequality:
16:+1 = 0:ll < L, L ||z — w(@)|| + kgL, Lo llox — m (@) 100kl + Lw, La o — (i) ||| dll

L N
2 10y
I

. | + kgL, |01 — Ok

+ kgL, |g(m (@) 10r k]l + L, lg(m (@) llde ] +

Using the bounds ||di|| < D and ||0x]| < L1, the following inequality results:

[0i+1 = 03]l < (Lw,Lp + kgLw,Lg + DLy, Lg)||zk — (i) ||

LiLy,

+kyLa, Gy + DLy, G + =% 4 2k Ly, Ly
or, finally,
6541 = 64l < B1(ky, D) s = w(an)]| + bokys - D).
Without loss of generality, we also assume that ||7j]| = 0.

Let us assume that there exists a positive constant g such that:
1 ¢
T D wkyjwiyy < B,
j=1

for all k£ > 0. (By definition, the boundedness of wy, is guaranteed if uj and iy,
are in U.).
Then one can write:

1l—«

B ) 1
o T a0l + Y (T, ct, K )by (g, D)|lzx — m (i) || + Y (T, c, K)bo(ky, D

1B+l <
= c1+ eaflzp —m (i)

where
1— bt 1— bt (1—a)(l—ak(1 - K)*)
BraT * T Brat(i—a) P T T (1= K)(BraT)?
1— Oék+1(1 _ K)k—i—l
(1 - K)(BraT)?

Y(T,a,K) = aof

T52.

13



We thus see that the parameter estimation error will tend to a neighbourhood
of the origin. The size of this neighbourhood depends primarily on the constant
T associated with the persistency of excitation condition.

As above, we pose the following Lyapunov function candidate:

V=W-+h+ %uTu
The recursion of V yields:
Vir1 — Ve = Wi = Wi + VYo i + Yy g (ug — )
+ %a£+1ak+1 - %ﬂgﬂk
Substitution of the ESC yields:

Vi1 = Vie = Wip1 — Wi + Vo i — kg\I’l,kéLk + Wy dy

T
1 /. 1. N 1 1 _+.
+ = | ur + 791)]6 U + 791,]6 - fu;—uk.
2 TI TI 2

Replacing él,k = \Il{k — 517k gives:
Vig1 = Vi =Wigr — Wi + P — k;qjl,kq’{k — (kg — k;)\Pl,k\p{k
- 1 _
+ kgW1 k015 + V1 pdi + ?u;(\l’;k - Hl,k)
1

1 ~ .
+ 972 (\I’{k - el,k)T(\I’{k - el,k)
I

Let ky =k, — k. By Assumptions 1 and 4, one obtains:

R ~ 1
Vi = Ve < —alio = w(@n)l? - (Fy — o ) 10l

2
T

+

1 ~
(ko= 22 ) [I0.a0001 + B
I

~ Ly . . 1.5
— —agl? + =l — w(ax) [ arll + =l 161k
T I I

‘ 2

1 -
— |6
+2T12H 1,k

where Ly is the Lipschitz constant associated with

W1k = Vh(ar)g(m (i)l < Lulle — (@)

14



Substituting for the upper bound of |||, one obtains
N 2 7 1 2
Virr = Vi < —aellz —m ()| = | kg = 55 ) [Vl
71

1
*\(’“9‘&)

|kl + DIV

1 . [a 79
n (kg - ) ol allle — ()] — ]2
TI Tr
ciLy N oLy .
Lali )+ R~ r(a)P?
1. Ly Co B R c? c? .
] + ( n ) laellle - @) + D + 2 e - (i)
Tr TI Tr TI TI

Rearranging and letting k, = %, one obtains:
I

Virr = Ve < = [ e —a@) llael 1%l ]

r 2
Qo — C27—I;H _ %2 _02;5;1 0
X —762;;?*’ %“ 0
1
I 00 (&)
la — (i) |
X (o7
(RZwY
c1L . 1. c?
+ =l — ()| + = k] + DIkl + =5
Tr Tr TI

It is easy to see that there exists a 77 such that Vr; > 77, with k; = - and
I

ky < %, the last inequality can be written as:

" - caL
Virr — Ve < = Mo — (@) = Al = M l|@p)® + =2

C1 ~ C%
+ =kl + DIkl + =
TI Tr

for a positive constant A; > 0 taken as the minimum eigenvalue of the matrix:

2
ap — Cle;H _ %2 _52;;€H 0
_cotlLlpy ay 0
277 TI
1 *
e
By Assumption 4, one can then write the following;:
A N ciLy
Vi1 = Ve < == (Wi + hi) — Millae]® = M| @oel® +
B2 VB1TI

2

&
=XV = M@kl + Bs v Vi + DI Wall + 5
1
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where \
)\2 = min |:61, )\1:|

2
and I .
cilp C1
3 = max —, V2—
s [ 1 Vb1 TI}

Thus we see that the closed-loop signals || U1 x|, ||4x| and ||z — 7(dg)| of
the proposed ESC signals enter a neighbourhood of the origin whose magnitude

depends on the magnitude of ||dx||. This neighbourhood will be of order O (i—i)
I
and O (%)
As Vj enters a neighbourhood of the origin, it follows that the closed-loop

signals enter a neighbourhood of the optimum steady-state conditions (z*, u*).
This completes the proof. [ ]

Remark 1 The proof provides some nominal tuning guidelines for kg and ;.
If one fizes 71, the analysis suggests to pick kg = 1/7%. However, it is clear that
there is much more freedom to pick ky. To demonstrate, assume that one can
pick 11 large enough such that:

k,co ~
. X ae =52 || [lz = w(@)]]
Jim Vi = Vi) < = [l —w(@)ll [0ll ] > [ hyer k:; ] { 10| + (kger + D)[[W k]

Consequently, we see that there exists a I_cg such that for every kg < ]_ﬂg the
inequality can be written as:

lim (Vier — Vi) < = Aalle — w() | = Aol @

T —0Q

+ (kger + D)W k|

The closed-loop signals will asymptotically enter a neighbourhood of the origin
given by:

k D
Q, = {xep(a)aeu Wy ]| < (901“}

A3

Thus, one can establish a maximum gain I%g that retains closed-loop stability
in the absence of integral action. Moreover, closed-loop stability can also be
achieved even if the nonlinear system is only Lyapunov stable (ae = 0) for a fixed
Ug. This is a clear advantage of the proposed ESC over classical perturbation
based discrete-time ESC techniques that require local asymptotic stability of the
nonlinear system. The problem of feedback stabilization of nonlinear discrete-
time systems using ESC will be considered in future work.
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5 Simulation

In this section, we consider the application of the PIESC approach to nonlinear
discrete-time control systems. The performance of the proposed approach is
compared to the standard perturbation based ESC algorithm proposed in [7].
This algorithm is given by:

Ehr1 = —hel + y
Gpg1 = G — yacos(wk) (yr — (1 + he)érr1)
ug, = g + acos(w(k + 1)).

5.1 Example 1

We first consider the application of the PI-ESC approach to the following non-
linear discrete-time system:

1
g1 =099z + (ur — 0.1)(1 + 3 sin(xg))
ye =1+ 0.2(z), — 1)?

We first note that the nonlinear system has a pole very close to the unit circle.
The optimum occurs at * = 1, u* = 0.1069. The PIESC is used with a
gain of k;, = 10 and integral time constant 7; = 100. The dither signal is
dr, = 0.05sin(k). The estimation gates are set to K = 0.001, « = 0.001 and
o = 0.001. The simulation results are shown in Figure 3. The figure shows the
cost function, yi, the input, ug, and the integration variable 4. The PIESC
very effectively converges to the optimum equilibrium conditions. The tuning
parameters for the perturbation ESC are hy = 0.1, v = 3/a, a = 0.1, w = 2.
The corresponding ESC performance is shown as the dashed line in Figure 3.
As expected, the proposed PIESC provides a drastically faster convergence to
the optimum conditions. Furthermore, the impact of the slow nearly unstable
dynamics are compensated by the presence of the proportional action.
Next, we consider the following unstable nonlinear system:

1 .
Zp41 =101z + (ur — 0.1)(1 + 3 sin(zy))
ye =1+ 0.2(z), — 1)?

The optimum occurs at z* = 1, u* = 0.09457. The PIESC is used with a
gain of k, = 0.2 and integral time constant 7; = 1000. The dither signal is
di = 0.5sin(15k). The estimation gains are set to K = 0.001, « = 0.001
and o = 0.001. Figure 4 shows the simulation results. The PIESC simulta-
neously stabilizes the nonlinear system and identifies the optimum equilibrium
conditions. The standard perturbation based ESC technique cannot successfully
optimize this system.

To verify the robustness of the proposed approach, random zero mean mea-
surement noise is added to the cost measurement. The noise measurement is
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given by:
yr =14 0.2(zp — 1)? 4+ 0.0314

where vy is a zero mean, unit variance Gaussian random variable. The results
are shown in Figure 5. Six simulations are performed. All simulation show good
transient performance to the unknown optimum.

5.2 Example 2

The task is to stabilize the nonlinear discrete-time control system studied in [10]
given by:

2
T1,k4+1 = T35 T ULk
T2 k+1 = T2k + U2k

T3 k41 = 223 k(U1 g + T1 kT2 kU2, k)

with cost function y = §(27 ,, + 23, + 23 ).

The optimum occurs at z* = [0, 0, 0]7, u* = [0, 0]7. The PIESC is used
with a gain of k;, = 0.5 and integral time constant 7; = 50. The dither signal
is dy = [0.2sin(450k), 0.25in(400k)]T. The estimation gates are set to K =
0.001, @« = 0.01 and ¢ = 0.01. Figure 6 shows the output function along with
the two inputs. The corresponding state trajectories are shown in Figure 7.
The PIESC simultaneously stabilizes the nonlinear system and identifies the
optimum equilibrium conditions.

6 Conclusion

This paper proposes a proportional-integral extremum-seeking control technique
for a class of discrete-time nonlinear dynamical systems with unknown dynam-
ics. The main contribution of this technique is the minimization of the impact
of time-scale separation on the transient performance of the extremum-seeking
control system in discrete-time.
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Figure 6: Performance of the PI-ESC for Example 2. The upper plot shows the
cost function, the middle plot, the input variable u; and the bottom plot, the
input variable us as a function of the sampling time k.
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Figure 7: Performance of the PI-ESC for Example 2. The upper plot shows the
state variable x1, the middle plot, z5 and the bottom plot, x3 as a function of
the sampling time k.
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