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Abstract
Recent research in multidimensional modulation has shown great promise in long reach ap-
plications. In this work, we will investigate the origins of this gain, the different approaches
to multidimensional constellation design, and different performance metrics for coded mod-
ulation. We will also discuss the reason that such coded modulation schemes seem to have
limited application at shorter distances, and the potential for other coded modulation schemes
in future transmission systems.
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ABSTRACT

Recent research in multidimensional modulation has shown great promise in long reach applications. In this
work, we will investigate the origins of this gain, the different approaches to multidimensional constellation
design, and different performance metrics for coded modulation. We will also discuss the reason that such coded
modulation schemes seem to have limited application at shorter distances, and the potential for other coded
modulation schemes in future transmission systems.
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1. INTRODUCTION

While many of the modulation techniques digital signal processing (DSP) used in coherent optical transmission
systems have been adapted from wireless systems,' there is increasingly interest in tailoring both modulation
and DSP for the optical fiber channel, and the hardware constraints which result from the required levels of
complexity and parallelism.? This was the motivation for the work of Karlsson and Agrell,>* which reintroduced
the concepts of optimizing modulation formats in more than two dimensions to the optical communications
literature (after some early coherent work, e.g.”). Since this work, there has been a steady expansion of both
modulation formats,®” coded modulation techniques,®'° and other techniques which may be considered as
multidimensional modulation — in particular, probabilistic shaping.'' 12

In this paper, we will describe several design methodologies for multi-dimensional modulation formats. We
consider a variety of performance metrics, including bit error rate (BER) and generalized mutual information
(GMI).

2. MULTIDIMENSIONAL CODED-MODULATION COMMUNICATION SYSTEMS

A multidimensional coded-modulation system is shown in the schematic in Fig.1. A stream of data from the
source is encoded by an outer encoder. The encoded symbol stream is then mapped to multidimensional symbols,
on the optical carrier. This block may involve several sub-blocks in specific implementations, such as an inner
encoder, followed by a bit-to-field mapping (such as a BPSK mapper), and then a mapping of BPSK symbols to
multiple orthogonal field components and time slots. The multidimensional signal is then sent via the channel
to the multidimensional de-mapper. The de-mapped data stream is then decoded by the outer decoder, with
optional feedback to the multidimensional de-mapper (turbo-demodulation), before being sent to the sink. The
de-mapper may output soft or hard decisions, and may be a maximum-likelihood de-mapper, or a numerical
approximation with reduced complexity.!'3

3. MULTIDIMENSIONAL CONSTELLATION DESIGN

While there are a multitude of methodologies for designing a multidimensional modulation scheme, there are
several methods which are particularly well explored. Sphere-packing formats are designed with the optimal
arrangement of hyperspheres inside a larger hypersphere of the same dimension,? in order to maximize the
minimum distance between hypersphere centroids. This is a well-explored mathematical problem, and several
optimal solutions are known for particular numbers of dimensions and constellation points. These formats
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Figure 1. Schematic showing a generic multidimensional coded modulation system. The dashed line between the outer
decoder and multidimensional de-mapper represents optional turbo-demodulation.

require an optimized bit-to-symbol mapping when the channel code used does not have the same cardinality
as the modulation format. For sphere-packing formats, this is often not a significant problem, as the optimal
mapping can be computed by brute force in cases with relatively low cardinality, such as those where optimal
sphere-packings are known.

Sphere cutting formats are based on the cutting of a subset of points lying within the hypersphere on a lattice
which is the optimal sphere-packing lattice in a given number of dimensions.% '* Again, some lattices are proven
to be optimal in certain numbers of dimensions. These formats also require an optimized bit-to-symbol mapping,
which can be problematic in the case where the cardinality of the format is large, and brute force computation
quickly becomes impossible. For example, the format based on the selection of 22 points from the Leech lattice
(which is known to be the optimal packing in 24 dimensions'®) has a total number of labelings of (2!? — 1)!,
which (using Stirling’s approximation) gives on the order of 10*3:9%° ynique labelings. In cases where brute force
labeling optimization is impossible, numerical techniques such as bit-flipping are often used,' although it is
worth noting that these numerical methods cannot be guaranteed to reach a global optimum.

Perhaps the most popular method for designing modulation formats relies on the use of an inner block
code,® 17 with a separate mapper to map encoded bits to the optical field. These block coded solutions are
particularly interesting, as they can provide codewords with optimal spacing in Hamming distance, while using
a simple mapper to the optical field, which has few levels (thus reducing required hardware complexity).

3.1 AWGN optimized formats

Design of formats for performance in the presence of additive white Gaussian noise (AWGN) is useful for systems
with high accumulated chromatic dispersion (CD).'® In the uncoded case (which is of little practical interest in
high capacity transmission systems), sphere-packing and sphere-cutting designs can provide good and, in some
cases, optimal performance. This is due to their optimization of the minimum distance between constellation
points.

When coding is used, the distribution of constellation distances, and the corresponding distribution of Ham-
ming distances becomes increasingly important. In this case, we note that the attributes of block-coded formats
become more desirable. While extended Hamming or extended Golay coded formats have proven useful at lower
spectral efficiencies (using BPSK mapping per dimension), at higher spectral efficiencies, simple single parity
check (SPC) coding is most commonly used.!?

Due to the increasing use of low-rate soft-decision (SD) forward error correction (FEC) codes for high spectral
efficiency, short-reach systems,?° the usefulness of block-coded formats for such systems seems doubtful. This
is due to the ability of square QAM formats with bit-interleaved coded modulation (BICM) to approach the
uniform input distribution bound given an appropriate format and code rate.?! However, utilizing constellation
shaping to approach the Gaussian input distribution bound in this regime has become an increasingly important
topic.??

3.2 Optical nonlinearity mitigating formats

When designing formats for use on nonlinear optical links, a gain can be demonstrated by using formats which
minimize this optical nonlinearity. This is particularly prominent for links with low accumulated CD. In par-
ticular, polarization-managed formats (which seek to minimize the effect of cross-polarization modulation —



XPolM),?? and formats with a constant modulus (which seek to minimize the effects of SPM and XPM)?* have
proven particularly successful. We note that this is a research problem with several good results, but few known
performance bounds, although it has been posited that the use of coded modulation may enable systems which
approach the nonlinear channel capacity.?”

3.3 Performance metrics for modulation schemes

When designing multidimensional modulation schemes, it is of vital importance to use the appropriate perfor-
mance metric for the type of coding system which will be employed.

Asymptotic power efficiency (APE) is a metric for the normalized minimum distance between the constellation
points.® Due to its simplicity and ambivalence to bit-labeling, this metric is heavily used. While it is a good
metric for the performance of uncoded communication in the presence of AWGN, this metric can be misleading
for coded systems, as the impact of symbol errors may vary according to the Hamming distance between adjacent
constellation points and/or the relative reliability of the symbols in the constellation.

Bit error rate (BER) is a good metric for the performance of hard-decision (HD) coded systems. While this
metric is the most commonly used in the optical communications literature, it can be misleading for the use of
SD-FEC,?! which is used in current cutting edge systems.This is due to the fact that BER ignores the impact
of correctly received and highly reliable symbols in SD-FEC decoders. That is, a symbol may not simply be
correctly received or not, but it may be correctly received with high reliability, which will improve the decoder
performance.

Mutual information (MI) is used to characterize the maximum amount of information that a received symbol
sequence can carry, given the corresponding transmitted sequence.?! While this metric is useful for the charac-
terization of general coded modulation systems, the MI can only be achieved with either non-binary FEC (with
cardinality equal to at least that of the modulation format), or when turbo-demodulation is used.

Generalized mutual information (GMI) measures the maximum amount of information that a received symbol
sequence can carry, given the transmitted sequence, a bit-to-symbol mapping, and a de-mapping function.?! This
allows the characterization of systems which use BICM with binary SD-FEC. Since this is the most commonly-
used FEC scheme in state-of-the-art transmission systems, we assert that this is the performance metric which
of most interest to long-distance and high-capacity applications.

4. PERFORMANCE CHARACTERIZATION OF BLOCK-CODED
MULTIDIMENSIONAL MODULATION FORMATS

In Fig.2, we show the performance of a pair of block-coded multidimensional modulation formats and compare
them to dual-polarization BPSK (DP-BPSK), which is a common choice of modulation for long links with low
SNR. The first of the two block codes shown is the (8,4,4) extended Hamming code, which has word length 8,
information length 4, and minimum Hamming distance 4. This code is also known as the (8,4,4) biorthogonal
code, and the (8,4,4) self-dual code, and has been investigated extensively.® 7?3 The second code is the (24,12,8)
extended Golay code, which has word length 24, information length 12, and minimum Hamming distance 8.
While it has not been studied quite as widely as the (8,4,4) extended Hamming code, this modulation format
has previously been experimentally demonstrated.?’

We note from both Fig.2(a) and (b), that the performance of the multidimensional coded modulation improves
with code length when the SNR is above a threshold of approximately 0.2 dB. This performance improvement
increases with SNR, and will asymptotically reach the APE gain (6 dB for the extended Golay code, and 3 dB
for the extended Hamming code). We compare the performance of the modulation formats with a rate 0.8 LDPC
code with GMI threshold of 0.85 (similar to those already described in the literature®”), and at a BER of 4 x 1072
(which corresponds to a GMI of 0.85 for DP-BPSK modulation). The gain of the (8,4,4) code is 0.5 dB in SNR
compared with DP-BPSK at a BER of 4 x 1072, and 0.5 dB in SNR when comparing performance at a GMI
of 0.85. We also note that the gain of the (24,12,8) code compared with DP-BPSK is 0.8 dB when comparing
at a fixed BER of 4 x 1072, while it is 0.9 dB when comparing at a fixed GMI of 0.85. While this difference is
not so dramatic as those reported for dense QAM signals where the difference in reliability of the most and least
significant bits is significant.
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Figure 2. Example of performance characterization of two multidimensional modulation formats, compared with a
conventional format (DP-BPSK). Variation of BER with SNR is shown left in part (a), while variation of GMI with SNR
is shown right in part (b).

5. CONCLUSIONS

We have summarized the current state of multidimensional modulation techniques, and described several meth-
ods for designing multidimensional modulation schemes. Different performance metrics were described, and
compared. We have noted the increasing interest in constellation shaping and nonlinearity-mitigating modu-
lation design. While many of the techniques for multidimensional modulation design are not new, the unique
constraints of high-speed optical transmission systems are currently providing a new outlet for these methods.
In contrast, the challenges of designing modulation which can mitigate optical nonlinearity are new unique and
open. It is in this field that it seems the greatest gains may be realized.
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