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Abstract

Wi-Fi channel measurements across different bands, e.g., sub-7-GHz and 60-GHz bands,
are asynchronous due to the uncoordinated nature of distinct standards protocols, e.g.,
802.11ac/ax/be and 802.11ad/ay. Multi-band Wi-Fi fusion has been considered before on
a frame-to-frame basis for simple classification tasks, which does not require fine-time-scale
alignment. In contrast, this paper considers asynchronous sequence- to-sequence fusion be-
tween sub-7-GHz channel state information (CSI) and 60-GHz beam signal-to-noise-ratio
(SNR)s for more challenging tasks, such as continuous coordinate estimation. To handle the
timing disparity between asynchronous multi-band Wi-Fi channel measurements, this paper
proposes a multi-band neural dynamic fusion (NDF) framework. This framework uses sep-
arate encoders to embed the multi-band Wi-Fi measurement sequences to separate initial
latent conditions. Using a continuous-time ordinary differential equation (ODE) modeling,
these initial latent conditions are propagated to the respective latent states of the multi-band
channel measurements at the same time instances for a latent alignment and a post-ODE
fusion, and at their original time instances for measurement reconstruction. We derive a cus-
tomized loss function based on the variational evidence lower bound (ELBO) that balances
between the multi-band measurement reconstruction and continuous co- ordinate estimation.
We evaluate the NDF framework using an in-house multi-band Wi-Fi testbed and demon-
strate substantial performance improvements over a comprehensive list of single- band and
multi-band baseline methods.
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Abstract—Wi-Fi channel measurements across different bands,
e.g., sub-7-GHz and 60-GHz bands, are asynchronous due to
the uncoordinated nature of distinct standards protocols, e.g.,
802.11ac/ax/be and 802.11ad/ay. Multi-band Wi-Fi fusion has
been considered before on a frame-to-frame basis for simple
classification tasks, which does not require fine-time-scale align-
ment. In contrast, this paper considers asynchronous sequence-
to-sequence fusion between sub-7-GHz channel state information
(CSD and 60-GHz beam signal-to-noise-ratio (SNR)s for more
challenging tasks, such as continuous coordinate estimation. To
handle the timing disparity between asynchronous multi-band
Wi-Fi channel measurements, this paper proposes a multi-band
neural dynamic fusion (NDF) framework. This framework uses
separate encoders to embed the multi-band Wi-Fi measure-
ment sequences to separate initial latent conditions. Using a
continuous-time ordinary differential equation (ODE) modeling,
these initial latent conditions are propagated to the respective
latent states of the multi-band channel measurements at the
same time instances for a latent alignment and a post-ODE
fusion, and at their original time instances for measurement
reconstruction. We derive a customized loss function based on the
variational evidence lower bound (ELBO) that balances between
the multi-band measurement reconstruction and continuous co-
ordinate estimation. We evaluate the NDF framework using an
in-house multi-band Wi-Fi testbed and demonstrate substantial
performance improvements over a comprehensive list of single-
band and multi-band baseline methods.

Index Terms—WLAN sensing, 802.11bf, Wi-Fi sensing, ISAC,
localization, multi-band fusion, and dynamic learning.

I. INTRODUCTION

I-FI sensing, e.g., device localization and device-free
human sensing, has received a great deal of attention
in the past decade from both academia and industry. This trend
has been manifested by the establishment of 802.11bf WLAN
Sensing task group in 2020 to go beyond data transmission
and meet industry demands for wireless sensing [2]]-[5].
Existing Wi-Fi sensing is mainly based on coarse-grained
received signal strength indicator (RSSI) and fine-grained
channel state information (CSI) at sub-7-GHz bands [6[]-[11]].
At a high frame rate, CSI reflects intrinsic channel statistics in
the form of channel frequency responses (CFR) over subcarrier
frequencies (delay) and multiple transmitter-receiver antenna
pairs (angle). At the same time, it may experience channel
instability due to even small-scale environmental changes. On
the other hand, mid-grained mmWave beam training measure-
ments at 60 GHz, e.g., beam SNR, have shown better channel
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Fig. 1: Multi-band Wi-Fi fusion from frame-to-frame basis
of [14] for classification (top) to asynchronous sequence-
fo-sequence basis for continuous-time regression (bot-
tom).

stability over time [12[]-[17]. These beam SNR measurements
originate from sector-level directional beam training, a manda-
tory step for mmWave Wi-Fi to compensate for large path
loss and establish the link between access points (APs) and
users. However, they suffer from low frame rates and irregular
sample intervals due to the beam training overhead and follow-
up association steps.

Fusion-based approaches have been considered in the litera-
ture for robustness and higher accuracy. Heterogeneous sensor
fusion was studied between Wi-Fi and other modalities, e.g.,
Wi-Fi and vision [18]], Wi-Fi and ultra-wideband (UWB) [19].
Within Wi-Fi channel measurements, CSI and RSSI can be
simply concatenated for joint feature extraction [20]. It is also
possible to fuse the phase and amplitude of the fine-grained
CSI for localization [21]]. For multi-band Wi-Fi fusion, CSI
splicing is a well-researched channel fusion technique that
merges the phase waveforms of multiple channel frequen-
cies. This fusion process compensates for hardware-induced
distortion, enabling smooth connection between adjacent Wi-
Fi channels and reproducing CSI measurements with signif-
icantly wider bandwidth, so it improves the resolution of
angle-of-arrival (AoA)/time-of-flight (ToF) estimation [22]-
[25]. However, these methods typically presume that narrow-
band CSIs are acquired from multiple channels of the same
wireless standard that guarantee the same CSI format and are
even guaranteed to be well-synchronized in time due to the
rapid channel hopping. As a more challenging problem, we
consider the integration of sub-7-GHz and mmWave chan-
nel measurements, in which the channel measurements for
both bands are asynchronous in time and can have distinct
modalities. There are few papers addressing the problem, and
most proposals suggest that sub-7-GHz CSI is primarily used
to support mmWave sensing by mitigating the beam training
overhead or by selecting optimal mmWave APs whose cover-
age guarantees that they encompass the target device, which



is achieved by providing coarse-grained localization utilizing
CSI [15]], [26]. Our previous work in [14] considered simple
classification tasks, e.g. pose classification (over 8 stationary
poses), seat occupancy detection (8 stationary patterns), and
fixed-grid localization. Despite being sampled at different time
instances, both channel measurements can be simply combined
on a frame-to-frame basis as these asynchronous samples
correspond to the same stationary label (e.g. pose, occupancy,
location) and their respective sampling time becomes irrelevant
for the fusion task; see the top plot of Fig. [I] and notice the
asynchronous time instances t¢ and t2, n = 1,2,.... [27]
considers sequence-to-sequence multi-band Wi-Fi fusion by
using fine-grained CSI (channel frequency responses - CFRs)
from both sub-7-GHz and 60 GHz with the help of reflecting
intelligent surface. Assuming similar frame rates of both CSIs,
the attention mechanism and transformer architecture have
been used to fuse these two Wi-Fi channel measurements using
simulated datasets.

For more challenging tasks of continuous-time object tra-
jectory estimation using asynchronous multi-band Wi-Fi mea-
surements, several challenges need to be addressed. First,
asynchronous channel measurements at different bands need
to be aligned to estimate object trajectory. As illustrated in
Fig. [1] (the bottom plot), there exists time disparity between
CSI measurements at t¢ and beam SNR measurements at 2.
In addition, there may exist time disparity between the input
measurements at either ¢ or t%, and the desired trajectory
estimates at P . Second, mmWave beam SNRs are sampled at a
much lower frame rate than the CSI measurements. In an ideal
scenario, beam SNRs can be obtained at a frame rate of 10
Hz for a typical beacon interval of 100 ms. However, multiple
users need to contend the channel time for (uplink) beam
training during each beacon interval, resulting in a lower frame
rate. Third, contention-based channel access further results
in irregularly sampled beam SNR measurements at AP for
a given user.

To address the aforementioned challenges, we propose a
multi-band Wi-Fi neural dynamic fusion (NDF) framework.
This framework evolves from the stationary frame-to-frame
basis in [14] (illustrated in the upper plot of Fig. |1) to a dy-
namic asynchronous sequence-to-sequence basis (the bottom
plot of Fig. [I)), thus supporting more challenging downstream
tasks, e.g., regression in a continuous space and continuous-
time object trajectory estimation. The proposed multi-band
NDF substantially extends our previous work on a beam SNR-
only framework of [16] and [[17]] to a neural network archi-
tecture comprising multiple encoders, latent dynamic learning
modules, a post-ODE fusion module, and multiple decoders,
as depicted in Fig. [2l Our main contributions are summarized
below:

1) To the best of our knowledge, this is the first effort to

address multi-band asynchronous fusion between sub-7-
GHz CSI and 60-GHz beam SNR for trajectory estima-
tion of moving objects.

2) We present a multi-encoder, multi-decoder NDF network
in Fig.[2] It utilizes the two encoders that act as an initial
latent condition estimator for the two distinct input
sequences, employs an ordinary differential equation

(ODE) modeling [28]], [29] for latent dynamic learning
and latent state alignment, and fuses these aligned latent
states via the post-ODE fusion module.

3) We consider multiple fusion schemes such as multilayer
perceptron (MLP) fusion, pairwise interaction fusion,
and weighted importance fusion for the post-ODE fusion
module.

4) We derive a loss function building upon the variational
evidence lower bound (ELBO) between prior and ap-
proximate posterior distributions of the initial latent
conditions as well as the likelihood of multiple decoder
outputs. This ELBO-based loss function incorporates
both unsupervised multi-band reconstruction loss and
supervised coordinate estimation loss.

5) We build an automated data collection platform us-
ing commercial-of-the-shelf 802.11ac/ad-compliant Wi-
Fi routers and a TurtleBot as a mobile user. This plat-
form continuously gathers CSI at 5 GHz and beam SNR
at 60 GHz from the TurtleBot, while simultaneously
recording its ground truth positions.

6) We conduct a comprehensive ablation study on trajectory
estimation performance, generalization capability, and
interpretation using real-world experimental data.

The remainder of this paper is organized as follows. Sec-
tion [[I| introduces the problem formulation, followed by a
brief review of existing multi-band Wi-Fi fusion solutions.
Section [III] details the proposed multi-band NDF framework,
with subsections dedicated to each module and the derivation
of the loss function. Section [V] describes our in-house multi-
band Wi-Fi data collection testbed and performance evalua-
tion, followed by the conclusion in Section

II. PROBLEM FORMULATION AND EXISTING SOLUTIONS
A. Problem Formulation

We formulate the trajectory estimation as a continuous
regression problem with asynchronous CSI and beam SNR
sequences. As illustrated in Fig. 2] in each time instance
th, we collect a set of M, beam SNR values b, =
[br1,bn2, s bnar,] T € RMeX1 each corresponding to a
beam training pattern. At time instance ¢, we collect a
CSI measurement C,, € CNm<*NrxxNs with the (4, 7, k)-th
element C,, (%, j, k) given by the CFR from the transmitting
antenna i, the receiving antenna j and the subcarrier k. For
a time window size or sequence length AT, we group the
Ny beam SNRs and the N. CSI measurements as two input
sequences. The problem of interest is to estimate the object
trajectory p,, at [V, desired time instances t¥ within the time
window AT,

N S UNe N
{bn’ti)z}niov {Cnvt;}nzo - {antﬁ}nio ’ (])
where p, = [7,,yn]  consists of two-dimensional coordi-

nates at to.

We follow standard practices to calibrate raw CSI mea-
surements C,, due to the lack of synchronization between
the Wi-Fi transmitter and the receiver [30]-[35]]. Specifically,
we use SpotFi [30] to remove linear phase offsets caused by
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Fig. 2: The network architecture of the multi-band Wi-Fi neural dynamic fusion (NDF) for continuous-time object
trajectory estimation. It comprises multiple encoders, latent dynamic learning modules, a post-ODE fusion module,

and multiple decoders.

sampling time offset (STO) and apply antenna-wise conju-
gate multiplication to minimize packet-to-packet phase
fluctuation. Once the CSI measurements are calibrated, we
employ a pretrained convolutional autoencoder (CAE) to com-
press each calibrated CSI measurement into a CSI embedding
vector ¢,, € RMeX1 where M, is the dimension of the CSI
embedding. More details on CSI calibration and embedding
can be found in Appendix [A]

As illustrated in Fig. [2] the equivalent input sequences
become c,, and b, and the problem of interest reduces to

{bnvtz}n 0 {Cna n} Og){pnatn n= O (2)

B. Existing Solutions

1) Frame-to-Frame Fusion: Given the time disparity be-
tween t¢ and %, a simple way to combine the two input
sequences is to align the CSI and beam SNR sequences at
the input level. This can be accomplished using either linear
or nearest-neighbor interpolation.

For the linear interpolation (LinearInt) scheme, for a given
output time instance t£, we first identify the intervals 7. and 7,
in the CSI and beam SNR sequences respectively, such that
t; <t <t; ,, and t <t < t 41 and then interpolate
the input sequence at tﬁ usmg the two input measurements at
both ends of the identified interval

Li th — g
bnm blb + " tbb (bib-i-l - bib):
lerl ip
Lin tp — t
c, =¢Ci + c c (Clc‘f‘l Cic)’ 3
tz 11— t

where n = 0,- -+, IV},. On the other hand, the nearest-neighbor
interpolation (NearestInt) finds the input element from the

two input sequences at the time instance that is closest to the

desired output time instance t?
pNea _ b;,, if t? —
n
bib+1a

otherwise,

th o <th -tk

n

eNea — Cic) if tp — t < tz 11— tifl @
" Ci.+1, 0therw1se.
Given the aligned input sequences
{bLm/Nea tP }n 0 {CI;Lin/Nea tp e 0» (5)

we can fuse them in a frame-to-frame fashion and regress the
fused sequence to the trajectory coordinate

IA)n _ .A/l<]_-(cl;lin/Nea7 ]:)I;Lin/Nea))7 (6)

where JF represents a fusion scheme, e.g., concatenation or
other considered options in Section [[[I-C, and M denotes
a multi-layer perceptron (MLP) network. One may also try
other interpolation schemes such as the spline and piecewise
polynomial interpolation.

2) Sequence-to-Sequence Fusion: As opposed to the frame-
to-frame fusion, one can use a recurrent neural network (RNN)
to capture recurrently updated hidden features from the entire
input sequence [7]], [36], [37]. By fusing the hidden states
corresponding to the CSI and beam SNR sequences, one can
achieve what we refer to as the sequence-to-sequence fusion.

For an input sequence {s,}"_, (s,, can be either the CSI
¢, or beam SNR b,, sequence), a standard RNN unit updates
its hidden state h,,_; at time ¢,,_; to h,, at time ¢,, with the
input measurement s,, at time instance t,, as

hn = R(B'ru Sn; 0)7 fln = hnfla (7)

where R is an Long Short-Term Memory (LSTM) or
Gated Recurrent Unit (GRU) unit, and h,, is an auxiliary
vector. In the standard RNN, it assumes that the sampling
intervals At,, = t,, — t,—1 are uniform, ie., At; = --- =



Aty. Consequently, the auxiliary vector is simply given b
the previous hidden state h,, = h,,_;. Refer to Appendix
for details on the update of the standard LSTM unit.

To address irregularly sampled sequences where At, #
At, 11, we consider the following sequence-to-sequence base-
line methods. One such method is RNN-Decay [29], which
decays the previous hidden state exponentially with respect to
the time interval before being fed into the RNN unit,

hn = R(flfrusn; 6)’ 1jln = hnfle_Atnv

®)

where the auxiliary vector h, accounts for the irregular
sampling intervals. Another method is RNN-A [29], which
accounts for the irregular sampling interval by augmenting
the input

h, = R(flnvgna 0)7

h,=h, 1, 3,=[s),At,]", (9

while keeping the auxiliary vector as the previous hidden state.

For a desired output time instance t2, we first identify its
immediate preceding time instances i, and ¢; in the CSI and
beam SNR sequences as ¢f < tb < ¢f ., and tﬁ-’b <t <
tﬁ-’b 41 with h{ and hﬁ-’b previously updated using either (8) or
(). Then we propagate h{ and h?b to the output time instance

P
th as

hZe £ by = R(hS e (14, 0;0),
R 2kl = R(hl e " 710),0;0), (10)
for the RNN-Decay update and
W2 2 hf, = R(hS, [0, (2 —12)]7;0),
b2 S hl, =R, (07, (1 —2)]7:0), (1)

for the RNN-A update, where n = 1,--- , NV, by setting the
current input s,, = 0 at t£. We can then fuse the aligned hidden
states hP¢ and hP? at {2 and regress the trajectory coordinate

where F represents a fusion scheme and M is an MLP.

III. MULTI-BAND NEURAL DYNAMIC FUSION

In the following, we provide a detailed module-by-module
explanation of the multi-band NDF framework illustrated in
Fig. 2] This framework utilizes separate encoders to sequen-
tially map the CSI embedding c,, and beam SNR b,, sequences
(along with their respective time stamps t¢ and %) into the
latent space and estimate initial latent conditions, i.e., zg and
zj. In the latent dynamic learning module, both initial latent
conditions are propagated using a learnable ODE model [28]],
[29]], generating virtual latent states (i.e., z¢ and zP?) at the
same time instances tP for alignment. These aligned latent
states are then fused in a post-ODE fashion before being fed
into a coordinate decoder for trajectory estimation. Meanwhile,
one can also utilize the same learnable ODE model to regress
latent states (i.e., z° and z%) at the input time instances ¢
and t% for the CSI and beam SNR. These regressed latent
states can be fed into either the CSI or beam SNR decoder
for waveform reconstruction.

Cn, Cn.-1 Co

! T 1 :
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Fig. 3: CSI encoder module for initial condition corre-
sponding to the latent trajectory of the input sequence.
The beam SNR encoder is similarly defined.

A. Encoders: An Estimator for Initial Latent Conditions

The purpose of the encoder is to obtain the posterior
distribution of an initial latent condition corresponding to an
input sequence. We will first consider the CSI encoder.

We start by reversing the input sequence cy,, - - -, co from
the last time instance ¢%; towards the initial time instance to.
Then, we map c,, into a hid~den vector hf € RH*1 with the
help of an auxiliary vector hf,

h¢ = R(h¢

nr

Cn; 00),

¢ (13)

where R can be either GRU or LSTM unit with learnable
parameters 6.

To handle the temporal irregularity AtS, = t& — t°_, #
At of the input sequence, one can utilize a numerical ODE
solver, e.g., the Euler or Runge-Kutta solvers, to propagate the
hidden vector hf,, ; at time ¢ , | to the auxiliary vector 171% at
time t¢ in Fig. [3] [40]-[43]:

by, = S(Oc, 4y, (141, 17,): 67)

n
by

_ e

- hn+1 + /
T=t

where O, is a learnable ODE function represented by a neural
network with parameters 6.

By iterating between (I3) and (T4), we can propagate the
hidden vector from t% to ¢y and output hg, which is used
to estimate the initial condition z§ in the latent space and
approximate its distribution by a Gaussian distribution with
mean p¢ and variance (0¢)?

,€0) = qo, (z5h§) = N(p°, (6°)%),

Following the variational autoencoder framework [44], we
infer u¢ and o¢ from hg as

Oc(h(7),7;0%)d,

c
n+1

(14)

qo.(z5CN,, -+ 15)

ué,0¢ = M(h§; 67), (16)

with M denoting an MLP network with parameters 6%. Since
the initial latent condition z§ is stochastic, we sample it as
z5 =p’+o°©€ € ~N(0,IL), (17)

where €€ is a standard Gaussian sample of dimension L. and
©® represents the Hadamard product.
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Similarly, we can repeat the process from Eq.(I3) to to
approximate the posterior distribution and obtain initial latent
condition corresponding to the beam SNR sequence
’ 7b0) = N()u'ba (ab)2)7
€~ N(OaILb)’

(18)
19)

4o, (Zg|bNb’ o
zg :p,b+ab®eb,

where Ly is the dimension of zJ.

B. Latent Dynamic Learning Modules: Alignment in Latent
Space

Now, given the initial latent condition z, for the input
sequence, we employ a unified continuous-time ODE function
Oy, modeled by a neural network with parameters 64, to unroll
the latent dynamics at any query time instance ¢. Depending
on the query time instance, we have the following three cases.

1) tI =1t for latent state alignment: We first look into the
case that the query time ¢¢ is the same as the time instance for
coordinate estimation ¢2. This is also the case where we can
use the same time instance to align the latent states between the
CSI and beam SNR measurements. Specifically, we directly
populate the initial latent condition to the latent state at the
same query time instance for both CSI and beam SNR [40]-
[43]

&
Z'Ir)LC = zfﬂ = Zg + Od(Z§7 t, 92)dt7 (20)
t
AN (;1:’
2B =y =2 + Oa(zl,t;05)dt, 1)

to

where z§ and z{ are, respectively, the initial latent conditions
for the CSI and beam SNR.

In practice, we incrementally align the latent states at one
query time instance at a time and then use the aligned latent
states to calculate the next latent states at the next query time
t}) 1. This is illustrated in Fig. 4| (a), where we resort to align
the latent states at the first time instance ¢} for the respective
initial conditions z§ and z},
¢

Oulzi,t; 05)dt,

to

t
20 =z} +/ Oq(2b,t; 6%)dt,

to

and then
th
2 =2+ | Ozl 65t
ty

p
1

tP
= o+ [ Oualnielar
t

where the neural networks to represent latent ODE functions
for z{ and z? are parameterized by 6 and BZ, respectively.

2) t1 = 1S for latent state recovery of CSI: Similarly to
the above case, we can recover the latent states of the CSI
measurements at their original time instances %,

A b
z, = 2y, =12 +/ O4(zg,t; 05)dt. (22)
to

3) t& =t for latent state recovery of beam SNR: The
last case is to recover the latent states of the beam SNR
measurements at their original time instances ¢
t
zl, =zb + / Oq(2b,t; 6%)dt. (23)

to

Note that we set that ¢y < min(t§,t3,¢h). In other words, the
time instance for the initial latent conditions are prior to the
time instance of the first measurement, either CSI or beam
SNR, even before the start of the time window AT. More
details of setting ¢, can be found in Sec. [V}

C. Post-ODE Latent Fusion

Once the latent states between CSI and beam SNR measure-
ments are aligned at {t2}." in 0) and @I), one can fuse
them together as z?, € RE» of dimension L, to support the
subsequent coordinate estimate. In the following, we consider
three multi-band fusion schemes.

1) MLP Fusion: As shown in Fig. |§| (a), the MLP fusion
scheme starts by lifting the aligned latent states zP° and zP®
to a higher dimension of Ly via separate MLP networks and
then projecting the concatenated latent state to a fused latent
state zP as

2l = M (M2 0%) © Mz 65):6% ), (24)
where 0?, ?, and 91} are learnable parameters for the three
MLP networks, and & denotes the vector concatenation, and
z? is of dimension L.
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2) Pairwise Interaction Fusion: We combine the two
aligned latent states, i.e., zP< and zP?, along with their pairwise
interaction zP* @zPc € REvLe*1 and feed the expanded multi-
band latent states to an MLP for fusion,

2’ = M (ng Bl @ (22 @ 2Pe); 91;) . @5)
where @ denotes the Kronecker product, and 0’} represent the
MLP parameters. The Kronecker term z2> ® zP¢ accounts for
cross-modal nonlinearity by expanding the dimension from
Ly or L. to LyL. and including all possible element-wise
multiplications between the two latent states. This is illustrated
in Fig. [§ (b).

3) Weighted Importance Fusion: We also consider a
weighted fusion between the two aligned latent states with
their respective importance estimated directly from their initial
latent conditions. This is illustrated in Fig. [5] (c). Specifically,
we first convert the initial latent states zj,z§ to importance
weight vectors of the same dimension L :

wy, = M(z(;0;,) € RY w. = M(z(;60;,) € R, (26)
where 05’0 and 05; are learnable parameters. Then, we apply
the softmax on [wy,, w.] € RE#*2 over each row such that

~ o~ A ~ ~
[(Wp, We] = o([wy, We]) — Wy +We=1r,  (27)
where o(-) denotes the softmax for importance weight nor-
malization and 1, ; is the all-one vector of dimension L.
Meanwhile, we lift the aligned latent states zP¢ and zP¢
to a space of dimension Ly and fuse them by weighting

corresponding normalized importance weights as

= M (M1 0) © W) + MUzl 0) © w.: 8] ).
(28)

where 05}, (}/c and 0’} are MLP parameters.

D. Decoders for Trajectory Estimation and Input Sequence
Reconstruction

In Fig. the NDF consists of three decoders: one for
estimating trajectory coordinates and the other two for recon-
structing the CSI embedding and beam SNR sequences.

Integrated
Beam SNR
Decoder

\

Integrated

Trajectory
Decoder

\
z§ —
Integrated
CSI Decoder

\

Beam SNR
Encoder

Fig. 6: An equivalent multi-encoder, multi-decoder NDF
structure with multiple integrated decoders directly con-
necting the two initial latent conditions (z§ and z}) to esti-
mated coordinates p,, and reconstructed input sequences
b,, and ¢&,,.

1) Trajectory Decoding: Given the fused latent state zP at
desired time instances ¢£, we simply employ an MLP network
M parameterized by 8, as a coordinate estimation decoder for
estimating trajectory coordinates at t?

pn = M(Zﬁ§ 0;0)7

]T

n=20,---,Np, (29)

where P, = [T, 9n]" is the coordinate estimate at ¢ and 0,
is shared over all time instances of 7.

By combining the latent dynamic learning modules of
and (ZI)), the post-ODE fusion module (either ([24), or
(28)), and the above trajectory decoder of ([29), we establish
the Integrated Trajectory Decoder P(-). This integrated
decoder can be considered to directly take the two initial latent
conditions z§ and z{ and output the coordinate estimate p,,

Dn = P(2§, 20, 10, 17 04), (30)

where 04, = {65,05,0,0,} with 8; encompassing all
learnable parameters in the post-ODE fusion model. For
instance, 8¢ = {06,01’,0’}} for the MLP fusion, while 6 =
{6, 86° b 6%,6"} for the weighted importance fusion. As
illustrated in Fig. |6] this integrated decoder structure directly
links the initial latent conditions to the coordinate output and
simplifies the derivation of the ELBO-based loss function in
the next section. We hereafter group the estimated trajectory

. . N,
coordinates as p = {Pn},20-



2) CSI Decoding: Given the CSI latent states z¢ of (22)
at their original time instances t;,, we employ another MLP

decoder with parameters 6, to project z¢ back to the CSI
embedding sequence as

én:M(Z$1706)a n:Oa 7NC7 (3])

where 6. is shared over all time instances of ¢ .

Similar to the integrated trajectory decoder P(-), we com-
bine the latent dynamic learning and the above CSI
decoder (3T) and establish the Integrated CSI Decoder C(-)

¢, = C(z, to, t; Oac), (32)

where 04. = {09,0.}. Equivalently, the integrated CSI
decoder takes the initial latent condition z§ corresponding to
the CSI input sequence and reconstructs the CSI embedding
sequence as C, in tS. We also group the estimated CSI
embedding sequence as & = {&,} <.

3) Beam SNR Decoding: The last decoder is to project the
latent states z” of (23) at t% back to the beam SNR sequence
as

b, = M(2%;0,), n=0,--- N, (33)

where 6y, is shared over all time instances of 2.

Combining the latent dynamic learning and the above
beam SNR decoder (33), we establish the Integrated Beam
SNR Decoder 5(-) as

b, = B(z},to,t%; 0am), (34)

where 64, = {BZ, 0, }. We also group the estimated beam SNR
as b = {b,} . We introduce CSI/beam SNR reconstruction
to make latent dynamics ODEs strongly conditioned by the
dynamics of multi-band wireless propagation. If the network
is trained with a single decoder for coordinate regression,
the latent dynamic ODE and the coordinate decoder can
independently learn sets of parameters that are not subject to
the constraints of the wireless dynamics.

Remark: The utilization of ODEs in both encoders and latent
dynamic ODEs offers advantages beyond merely managing
asynchronous-sampled signals but also facilitates the align-
ment of two distinct wireless modalities while simultaneously
accounting for the temporal evolution of their dynamics. In
our end-to-end structure, the continuous dynamics of CSI and
beam SNR are encoded into the latent distributions using
distinct ODE encoders. We impose a constraint on both
encoders to project input trajectories to the initial latent state
following a normal distribution, thereby projecting the initial
latent states for CSI and beam SNR to the unified latent space.
Modeling ODEs as neural networks enables the encoders to
acquire more appropriate parameters to satisfy the constraint
due to the flexibility of ODEs that can express the evolution of
a state between consecutive time steps in a complex manner.
Additionally, we obtain aligned initial latent states at the time
preceding the initial samples in both sequences, which helps
the latent dynamic ODEs to regress latent trajectories starting
from same starting time. This is a notable advantage of our
NDF framework over conventional RNN and RNN-variant
methods in which the hidden states are consistent or merely

decay along time with relatively simple functions until the next
step.

E. Complexity Analysis

The time complexity of our NDF is estimated by con-
sidering the number of components in each module in the
architecture. First, the time complexity of the CSI encoder
depends on the number of hidden units in recurrent layers H,
and the number of time steps in the input CSI sequence T and
is approximated as O(H2T,.). Similarly, the complexity of the
beam SNR encoder is approximated as O(H?2T,) where Ty, is
the number of time steps in the input beam SNR sequence. For
the latent dynamic ODE of CSI, the complexity is determined
by the queued time steps for CSI reconstruction 7, and for
trajectory estimation T}, and is approximated as O(T, + T},).
Similarly, the complexity of the latent dynamic ODE of beam
SNR is approximated as O(T,+1}). Finally, the complexity of
the CSI decoder, beam SNR decoder, and coordinate decoder
are approximated as O(T.(L + 1)C), O(Tp(L + 1)B), and
O(T,(L + 1)), respectively, where L is the dimension of
latent variables and C, B are the dimension of reconstructed
CSI and beam SNR. Therefore, the total time complexity
of our NDF is the sum of those of the components, as
O((HX(Tp+T.)+(To+T+Tp)+(L+1)(T.C+T, B+T}))).

1V. ELBO-BASED L0OSS FUNCTION

In the following, we derive an ELBO-based loss function
that accounts for the multi-encoder, multi-decoder NDF ar-
chitecture. By grouping b = {bn}NEO, c = {c,}Ne,, and
p= {pn}gio as illustrated in Fig. |6 The modified ELBO
can be expressed as [44]]

ELBO :Eq(zg,z8|b,c) [10gp(p|Z8, ZB)]
+ ME(521b) [log p(b|z5)] + A2Ey(ze1c) [log p(c|zg)]
— A3 Dkwlg(2, 25 |b, ©)||p(z5, 25)]

@1y b(v), c(v)
%Vzlogp(ﬂzo zy )

v=1

M Py

1 b(v 2 c(v

+ v E 10gp(b|zo( )) + v E 10gp(c|z0( ))
v=1

= v=1
— AsDx[q(zg, z5[b, €) ||p(25, 25)).

where ¢(z&|c) and ¢(z4|b) are the approximate posterior
distributions defined in (I3)) and (I8), respectively, the joint
posterior distribution of z§ and z can be factorized as

q(25, z5|b, ¢) = gq(z§|c)q(zg|b),

due to the independence assumption between the two input
sequences and the use of separate encoders, {\;}3_; are
regularization weights, p(z§,z§) are the joint prior of z§ and
z{ that can be also factorized as

(35)

(36)

p(z4,2) = p(z8)p(z), (37)

with p(z) ~ N(0,Iz,) and p(z5) ~ N(0,1I.), and
p(p|zl, z§), p(c|zs) and p(b|zg) denote the output likelihood
functions of the three integrated (trajectory/CSI/beam SNR)



decoders in Fig. [6] In the above equation, (a) holds as we
replace the posterior mean by its sample mean over V' samples
of the two initial latent conditions z§ and z according to (T7)
and (T9), respectively, with V' independent realizations of €°
and €®. In practice, the number of initial latent conditions is set
to V' =1 as one can average over the independent realizations
within the minibatch samples.

For the KL divergence term Dx,[q(z], z§|b, c)||p(zd, z§)],
we invoke the independent condition between the posterior
distributions of z and z§ given the input sequences b and c
and between the prior distributions of z} and z§

D lg(z8, 25 /b, ¢)|p(25, 25)]
Y Dicr g(zh[b)g(z5]c) | [p(z)p(z5)]
Y Dicr (24 1b)|p(24)] + Dictla(z5]0)|Ip(z5)],

where (a) holds due to the factorization in (36) and (37),
and (b) can be derived using in Appendix [Cl Then it is
straightforward to show that

Dxula(zle)lp(25)] = DoV (1, 0)[IN(0, Lz, )]
L.

((u)* + (07)* =1 —log(af)?), (39)
=1

(38)

1
T2
Dxu[q(z4|b)||p( 8)]
*Z ,Ul

b -
and crl/c

= D[N (', 6%)[|N(0,1,)]

—1—log(a})?), (40)

where u?/ ¢

respectively.

For output log-likelihood functions, we start with the inte-
grated trajectory decoder P(-) that takes the two initial latent
conditions and estimates the trajectory coordinates at ¢,

b/e

are the [-th element of y and o/ ‘,

log p(p|z4, z) = log p(Po, P1, "+ , PN, |20, Z§)
N,
(1) .
~ Y logp(pnlzg, 7)), (41)
n=1

where the approximation (a) holds as we invoke an indepen-
dent assumption over the sequential coordinate outputs over
the time instance n, primarily for the sake of closed-form
expression of the joint likelihood. We can assume that each
element in p,, = [z,,,y,] follows a Laplace distribution:

1 |z — &

b ¢ n n

o)~ o (=22
2, by

Lexp ‘yn - gn|
2b, by ’

where b, € R is a scaling parameter and p,, = [&,, 0] =
P(z§, 28, to, 12;64p) is the estimated trajectory coordinate at
tP. As a result, we can show that

P(ynlz5, 25) (42)

||pn - IA)nHl

b, ) (43)

log p(pn |24, 2§) < —

where || - |1 denotes the ¢; norm. Assuming b, = 1 and
plugging the above equation back to @IJ), the output log-

likelihood function of the integrated trajectory decoder is given

as
NP
—> " llpn — Pulli-
n=1

It is seen that maximizing this log-likelihood is equivalent to
minimizing mean absolute error (MAE) between ground truth
and estimated trajectory coordinates. We can follow Eq.
to for the output log-likelihood functions of the integrated
beam SNR and CSI decoders,

log p(p|z}, z§) o (44)

(45)

th

log p(b|zg) o

Z b —
Z llen —€nll

Combining the KL divergence term and the output log-
likelihood functions of the integrated decoders, the modified
ELBO (33) reduces to the following loss function

log p(c|zg) o« (46)

N, Ny Ne

L= lpa=bBolli + XD Iba =balli A2 Y llen —&nlls
n=1 n=1 n=1
Ly

+)s3 Z ((uﬁ’)2 + (o)) —1— log(azb)Q)

=1

+A4 Z pi)?

where we relax the regularization weight A3 for the joint
KL term to different regularization weights A3 and A4 for
individual KL terms of beam SNR and CSI, respectively.

— 1 —log(o7)? ) (47)

V. PERFORMANCE EVALUATION
A. In-House Testbed and Data Collection

We upgrade our previous in-house testbed in [[16] and [17]
from collecting single-band beam SNRs to simultaneously
gathering both 5-GHz CSI and 60-GHz beam SNRs. As shown
in Fig. [/, we mount two routers on a TurtleBot as a mobile
user: one router is the 802.11ac-compliant ASUS RT-AC86U
device to collect 80-MHz CSI data at 5 GHz and the other
802.11ad-compliant TP-Link Talon AD7200 router for 60-
GHz beam SNR. The mobile user TurtleBot moves along
predefined rectangular trajectories (denoted by red dot lines in
the right plot of Fig.[/)) in a large conference room. Positioned
at the lower left corner of the rectangular trajectory, another
pair of identical routers act as a multi-band AP.

To enable data collection on these commercial-off-the-shelf
routers, we replace the original firmware with open-source
ones [45]], [46]] and follow the methods of [47|] and [45] to
extract the beam SNR and CSI from the commercial routers.
From the four antennas (three external and one internal) of the
ASUS router, we are able to extract Ny X Nryx = 4 X 2 spatial
streams of CSI over Ny = 234 subcarriers, excluding null
subcarriers. Each raw CSI frame C,, € C**2%234 ig calibrated
and compressed in the CSI embedding input ¢, € R36x!
with M, = 36, as described in Appendix On the other
hand, the TP-Link router employs an analog phase array of 32



Fig. 7: In-house multi-band Wi-Fi testbed: a TurtleBot
with a TP-Link router for 60-GHz beam SNR and an
ASUS router for 5-GHz CSI (left); and the data collection
floorplan with the AP location and trajectories (right).
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Fig. 8: The device connection and data flow of the testbed.

antenna elements and sequentially scans M = 36 predefined
directional beam patterns, leading to b,, € R36x1,

Our testbed is also equipped with a LiDAR and a wheel
encoder to self-localize over a predefined map. The self-
localized coordinates, recorded at a frame rate of 10 frames per
second (fps), are then used as ground-truth labels p,, for trajec-
tory estimation. The system clocks of all networked devices,
including routers and TurtleBot, are precisely synchronized
using the Network Time Protocol (NTP) with a central desktop
acting as the NTP server. The desktop controls and aligns
the clocks of all other devices on the network connection,
ensuring that the timestamps across the network refer to the
same clock. Consequently, we obtained 43, 237 frames for CSI
and coordinate labels, and 9, 590 frames for beam SNRs. All
parameters and values related to our evaluation and the dataset
are listed in Table [

B. Implementation

We set AT,, = 5 seconds to group all collected CSI frames,
beam SNRs, and coordinate labels into sequences. Fig. [0]
shows the histograms of the number of CSI (top) and beam
SNR (bottom) frames over non-overlapping sequences of 5
seconds. It reveals that most CSI sequences have 20 — 40
frames over a period of 5 seconds, yielding an average frame
rate of 4 — 8 fps. In comparison, the beam SNR sequences
contain much less number of frames over 5 seconds, yielding
an average frame rate of 1 fps. For each sequence, all times-
tamps {2} {t¢}Ne | and {tﬁ}gio are normalized into

[0, 1] by dividing the relative timestamps by 5 seconds.
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Fig. 9: The histogram of the number of CSI (top) and
beam SNR (bottom) over non-overlapping sequences.

\ Parameter Notation Value
CSI
- Wireless Standard IEEE 802.11ac
- Center Frequency 5GHz
- Bandwidth - 80 MHz
- Tx antenna Nty 4
® - Rx antenna Nrx 2
E - Subcarriers Ny 234
& | beam SNR
- Wireless Standard IEEE 802.11ad
- Center Frequency 60 GHz
- Bandwidth 2.16 GHz
- Tx antenna - 32
- Rx antenna - 32
- Beam sectors Ny 36
Total path length 2178 m
< # of samples
g |- CSI 43,237
g |- beam SNR 9,590
Sampling rate
- CSI 7.44Hz
- beam SNR 1.71Hz
CSI embedding dimension M, 36
GRU hidden dimension Hy, H. 20
Latent dimension Ly, L, Ly 20
Fusion latent dimension Ly 128
Bl ODE solver
= - Encoder O, Euler solver
E - Latent dynamic ODE Oq Dopri5 solver
& Loss coefficients A1, A2, A3, Ay 0.7, 1.0, 0.0010, 0.25
Epochs - 250
Batch size - 32
Optimizer - Adamax
Learning rate - 4e-3
LR scheduler OneCycle

TABLE I: A list of parameters in experiments.

We consider three data splits for performance evaluation:

1) Random Split: We group the frames into 1,778 non-
overlapping sequences of 5 seconds (with a step size of
5 seconds) and randomly divide these non-overlapping
sequences into train, validation, and test sets with a ratio
of 80 : 10 : 10. The results in the following subsections
are based on this data split.

2) Temporal Split: We divide all frames into training and
test sets strictly according to their chronological order.
Specifically, we group the first collected s% of frames
into the training set, and the remaining frames into
the test set. In other words, all test frames represent
future data that was not seen during the training phase.
This sequential split is used to evaluate the temporal
generalization performance in Section [V-G|with different
values of s. With a sequence length of 5 seconds, we
group the training and test frames into sequences with
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Fig. 10: The search for regularization parameters in the
ELBO-based loss function of @7).

step sizes of 1 and, respectively, 5 seconds.

3) Coordinate Split: We also divide all frames into training
and test sets according to their ground truth coordinates.
Specifically, we keep frames from a particular area (e.g.,
a corner) in the test set, completely unseen from the
training set. This split is used to evaluate the generaliza-
tion performance at unseen coordinates in Section [V-H}
which is referred to as the spatial generalization.

We use an autoencoder with 3 1D convolutional layers and

3 MLP layers for the pretraining discussed in Appendix [A]
to obtain the CSI embedding vector c,. Both beam SNR
and CSI embedding sequences are normalized to [0, 1]. For
the encoder, we use the GRU unit with a hidden dimension
of H, = H. = 20 for the beam SNR and CSI input
sequences. We set L, = L. = 20 for the dimensions of the
initial latent condition and unrolled latent states z’ and z¢,
n = 0,1,---,Ny/N.. We lift the aligned latent state to a
space of dimension Ly = 128 before projecting it back to
the fused latent space of L, = 20. We employ the Euler and
Dopri5 ODE solvers for encoding and latent dynamic ODE,
respectively. The decoders for trajectory (29), CSI (3I) and
beam SNR (33) share the same MLP architecture of three
MLP layers.

The set of regularization parameters is chosen by perform-
ing a hyperparameter search in the interval of [0, 1] using
Optuna [48]. It is based on the validation loss transition of
coordinate estimation within 125 epochs and 100 trials are
executed. Fig. [T0]illustrates the loss function as a function of
regularization parameters (A1, A3) for beam SNR and (A3, Ag)
for CSI, where red dots denote the values of hyperparameter
pairs achieving the smallest validation loss over 125 epochs
or the smallest intermediate loss if terminated in an earlier
epoch. As a result, we set the regularization parameters as
A1 = 0.7,A2 = 1.0, A3 = 0.0010, A4 = 0.25 in the ELBO-
based loss function of (@ To train the NDF network, we set
the minibatch size to 32 and the maximum number of epochs
is 250, and we save the model achieving the best validation
loss while training. We used the Adamax optimizer with the
maximum learning rate of 4e — 3 with the OneCycle learning
rate scheduling for fast convergence [49].

C. Evaluation Metrics

As the localization error, we use the Euclidean distance from
the estimated coordinate p = [#,§] and the ground truth p =

[x,y], which is calculated for each estimation and averaged
across all N estimations, as

1 N
Lerror = N Zl ”p - p”

Furthermore, we compute the cumulative distribution func-
tion (CDF) for localization error to effectively demonstrate
and compare the error distributions in various methods. The
CDF for the localization error F,(t) is calculated as

(48)

N
F.(t) = % > I < 1), (49)
=1

where t is the error threshold, e; is a localization error of i-

th estimation point as e; = ||p; — D;||, and I is the indicator
function defined as
1 €; <t
Ile; <t)=<" - 50
(i =) {O, otherwise. (50)

D. Comparison to Baseline Methods

For performance comparison, we consider a comprehensive
list of baseline methods

o Single-band (CSI) methods: Solving trajectory regres-
sion written as {c,, 5}, — {pn,t? gio with 1)
Linear interpolation (LinearInt) of (3); 2) Nearest inter-
polation (NearestInt) of (@); 3) RNN-Decay of (8); 4)
RNN-A of (9); 5) DDND of [[16]], [T7].

« Single-band (beam SNR) methods: Solving trajectory
regression written as {b,,, %} — {p,, tﬁ}gio with
1) Linear interpolation (LinearInt) of @); 2) Nearest
interpolation (NearestInt) of (@); 3) RNN-Decay of (8);
4) RNN-A of (@); 5) DDND of [16], [17].

o Frame-to-Frame Fusion methods: 1) LinearInt fusion of
(@) and (6); 2) NearestInt fusion of (@) and (6).

o Sequence-to-Sequence Fusion methods: 1) RNN-Decay
fusion of (@), (I0) and (12); 2) RNN-A fusion of (9),
(TT) and (12).

Table |lIf summarizes the trajectory estimation performance
of all baseline methods and the proposed NDF method under
the random sequence split. By comparing the mean, median,
and the 90th percentile of the localization error in the unit
of meters, it is seen that, for a given method, e.g., the
linear interpolation or the RNN-Decay, the multi-band fusion
improves the localization performance from either the CSI-
only or the beam SNR-only methods. Comparison between
the interpolation (i.e., linear and nearest) and RNN methods
(i.e., RNN-Decay and RNN-A) shows that the RNN-based
methods can significantly improve the CSI-only performance
and contribute to the overall improvement using both CSI and
beam SNR. If we narrow down to the last column of Table[[I]
it is clear that, by properly aligning the latent states using the
latent dynamic ODE, the NDF can further reduce the location
error from the best multi-band baseline (i.e., RNN-Decay) to
a mean localization error of 14.8 cm. Fig. [T1] highlights the
cumulative distribution functions (CDFs) of the localization
error from the multi-band methods and the NDF.



TABLE II: Localization errors (m) for all single-band and multi-band baseline and the proposed NDF methods.

Single-band Multi-band
CSI beam SNR
Mean Median CDF@0.9 Mean Median CDF@0.9 Mean Median CDF@0.9
LinearInt 1.79 1.89 291 0.932 0.726 1.77 0.764 0.506 1.76
NearestInt 1.82 1.92 2.87 1.00 0.715 2.09 0.839 0.553 2.01
RNN-Decay 1.02 0.739 2.27 1.03 0.545 2.64 0.685 0.432 1.69
RNN-A 1.03 0.733 2.39 0.994 0.499 2.70 0.506 0.215 1.42
DDND 0.975 0.588 2.45 0.390 0.191 0.859 - - -
NDF (ours) - - - - - - 0.263 0.148 0.611
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Fig. 11: Cumulative distribution function (CDF) of localiza-
tion errors for the baseline and NDF methods.

To qualitatively compare the baseline and proposed meth-
ods, we overlap the estimated trajectories (in red dots) with
the ground truth coordinates (in dim blue dots) in Fig. [I2] for
selected multi-band fusion baseline methods (nearest interpo-
lation, RNN-Decay, RNN-A) and the proposed NDF method.
The improvement from frame-to-frame fusion (nearest interpo-
lation) to sequence-to-sequence fusion (RNN-Decay, RNN-A)
is noticeable, as there are less localization errors in the center
of the rectangular area. The outliers in the trajectories arise
because the baselines fail to accurately model the temporal
evolution of the trajectory, leading to outputs where the
estimated coordinates for the next time step can be far from
the coordinates at the current time step. Our NDF addresses
this issue through its architectural design, which comprises
two pairs of ODE modules capable of modeling the temporal
evolution of wireless propagation and device locations, as
well as their correlation. The estimation of a sequence of
latent variables corresponding to the time steps at which
we wish to estimate a trajectory is fully conditioned on the
learned derivatives and is highly probable to draw a practically
natural transition from one location to the next. Referring
to Fig. [[2] our NDF shows the best results by significantly
reducing outliers and forcing the trajectory estimates along
the rectangular track.

(c) RNN-A (d) NDF

Fig. 12: Visualization of estimated trajectories (red) and
ground truth (blue) for selected multi-band baseline meth-
ods and the proposed NDF.

E. Impact of Sequence Length AT,

In the following, we investigate the impact of sequence
length AT, on the trajectory estimation performance. Given
the frame rate of about 5 Hz for CSI and about 1 Hz for
beam SNR, the number of effective samples is proportional to
the sequence length AT,,. For a given sequence length AT,
we follow the random split protocol to segment the raw data
into non-overlapping AT,,-sec sequences with AT, = {2,8}
seconds.

Table lists the trajectory estimation errors in terms of
mean, median, and the 90-th percentile of the CDF for three
choices of AT,. Overall, it confirms that, the longer the
sequence, the better the trajectory estimation performance. In
the case of AT,, = 2 seconds, there might not be sufficient
beam SNR samples for latent dynamic learning as the frame
rate is limited to about 1 Hz. The choice of AT,, = 8 seconds
appears to give lower median and CDF@0.9 localization errors
while keeping the mean error close to that of AT,, = 5
seconds.

F. Impact of Fusion Scheme

In the following, we examine the impact of the three fusion
schemes in Sec. [IllI-C| on trajectory estimation accuracy, using
the random split protocol of non-overlapping 5-sec input



TABLE IlI: Impact of sequence length AT,,.

Sequence length Mean Median CDF@0.9
2 seconds 0.481 0.233 1.20
5 seconds 0.263 0.148 0.611
8 seconds 0.270 0.136 0.547

TABLE IV: The impact of the three fusion schemes in
Sec. [[l-C|on the trajectory estimation error (m).

Fusion scheme Mean Median CDF@0.9
MLP 0.263 0.148 0.611
Pairwise Interaction 0.397 0.230 0.903
Weighted Importance  0.287 0.164 0.618

sequences. As shown in Table the MLP fusion scheme
delivers the best results in terms of mean, median, and 90th-
percentile CDF, with the weighted importance fusion scheme
showing nearly identical performance. Moreover, the three
fusion schemes outperform all multi-band baseline methods
listed in Table This seems to imply that once the latent
states between the beam SNR and CSI are aligned, the choice
of fusion scheme has only a marginal impact on the final
localization performance.

The training process of our NDF, constrained by the loss
of signal reconstruction in Equation (47), enables the latent
dynamic ODE module to effectively acquire a set of parame-
ters that accurately represents the wireless dynamics of both
bands. The latent dynamic ODE then regresses two sequences
of latent variables in the queued timestamps, initialized by z}
and z§ for beam SNR and CSI, respectively. We assume that
this well-trained latent dynamic ODE can regress sequences
primarily conditioned by the initial state of each band while
incorporating multi-band information, and this would be the
reason the choice of fusion scheme did not make significant
difference on performance, and even achieved reasonable per-
formance with relatively simple fusion scheme like pairwise
interaction.

G. Generalization under Temporal Split

Under temporal split, sequences in the training and test
sets are distinctly separated in the temporal domain such
that they do not intertwine. This separation allows us to
effectively assess the generalization capability on future Wi-
Fi measurements. We consider various training data ratios of
s% = 20%,40%,60%,80% corresponding to, respectively,
(20 : 80,40 : 60,60 : 40,80 : 20) training-test data split ratios.
For better use of training data when the training data size is
small, we segment the training data into 5-sec overlapping
sequences using a step size of 1 second.

Table [V] shows the localization errors for various choices
of s. It is seen that a temporal training-test split ratio of
60 : 40 provides the best localization performance in all
metrics evaluated. The NDF with a temporal training-test split
ratio of 80 : 20 results in less accurate performance compared
to the random training-test split ratio of 80 : 10 : 10 in
Table For example, the mean localization error increases
from 26.3 cm under the random split to 50.1 cm under the

temporal split. Such degradation is anticipated due to the
temporal fluctuation in Wi-Fi measurements, which may stem
from channel instability over time. Compared to baselines, our
NDF also works better for all selected split ratios s in general.

H. Generalization under Coordinate Split

Under coordinate split, we can test the generalization
capability on test data collected from unseen positions. In this
evaluation, we use Fréchet distance as the evaluation metric
to highlight the extent to which the baselines and our NDF
can replicate the shape and position of the unseen corner.
Fréchet distance is a measure of similarity between curves
considering the location and ordering of the points along the
curves. Fréchet distance F'(A, B) for two normalized curves
A ={at}}_o, B ={bi}{_, is defined as

F(A,B)= _inf  max [A®t) — BF(®)],

(5D
£:[0,1]=[0,1] t€[0,1]

where f is an arbitrary reparametrization function. Table
shows the localization errors of our NDF and baselines for the
unseen regions, and Fig. [[3] illustrates the estimated trajecto-
ries (in red dots) alongside the ground truth trajectories in the
upper right corner, with training trajectories plotted in blue.
As shown in Fig. (a) and (b), the frame-to-frame fusion
baseline methods (LinearInt and NearestInt) fail to leverage
latent dynamics, resulting in scattered estimated trajectories. In
contrast, the sequence-to-sequence baseline methods, specifi-
cally RNN-Decay fusion and RNN-A fusion in Fig.[I3](c) and
(d), demonstrate improved alignment between the estimated
red trajectories and the training blue trajectories. Fig. e
presents the NDF results, clearly showing that the estimated
trajectories effectively complement the training trajectories,
closely mirroring the ground truth rectangular trajectories.

1. Training on a more complex trajectory

In this evaluation, we train the baseline and NDF models
using multi-band Wi-Fi data collected from a checkerboard
trajectory of Fig. [[4a and then evaluate their localization
performance using multi-band Wi-Fi data collected from a
cross trajectory of Fig. [T4b]

Fig. [I3] shows the localization performance from two base-
line (NearestInt and RNN-Decay) methods and the proposed
NDF framework using the multi-band Wi-Fi data, where blue
dots denote the ground truth location of the cross trajectory,
while red dots denote estimated locations using the multi-band
Wi-Fi data.

o NearestInt: a frame-to-frame fusion baseline, produces
most of the position estimates around the center of the
trajectory and fails to capture the cross trajectory.

« RNN-Decay: a sequence-to-sequence fusion baseline,
shows improved performance than NearestInt, following
more along the cross trajectory.

e NDF: on the other hand, demonstrates more clustered
estimates around the cross trajectory, especially around
the corners and the left side of the trajectory. We zoom
in one corner for a better visualization.



TABLE V: Localization error (m) under temporal split as a function of training data ratio s% for multi-band cases.

20% 40 % 60 % 80 %
Mean Median CDF@0.9 Mean Median CDF@0.9 Mean Median CDF@0.9 Mean Median CDF@0.9
LinearInt 1.36 0.933 342 1.40 0.856 4.44 0.968 0.749 1.99 1.00 0.759 2.13
NearestInt 1.39 0.989 3.24 1.40 0.881 4.37 0.981 0.763 2.01 1.01 0.760 2.19
RNN-Decay  0.743 0.266 2.38 0.578 0.232 1.65 0.562 0.214 1.62 0.639 0.238 1.99
RNN-A 0.671 0.316 1.88 0.738 0.284 2.27 0.580 0.233 1.72 0.734 0.332 2.07
NDF (ours)  0.647 0.250 2.07 0.749 0.183 3.81 0.454 0.169 0.981 0.501 0.183 1.17
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Fig. 13: Generalization capability to unseen locations (upper right corner) is illustrated with training trajectories in
blue. Ideally, the estimated trajectories in red should complement the blue training trajectories to form a complete

rectangular path.

TABLE VI: Fréchet distance for unseen locations.

Mean Median CDF@0.9
LinearInt 3.14 3.23 3.90
NearestInt 3.12 3.29 3.73
RNN-Decay  3.60 3.58 3.96
RNN-A 3.36 3.36 3.74
NDF (ours) 2.55 2.57 2.97

(a) Checkerboard trajectory (b) Cross trajectory

Fig. 14: Two complex trajectories: a checkerboard tra-
jectory (a) and a cross trajectory (b) to evaluate the gener-
alization capabilities of the considered baseline methods
and the proposed NDF framework.

Table [VII] shows the Fréchet distance between curves with
every 100 points in ground truth and estimations for the
selected baselines and our NDF. The NDF achieves lower
mean and median distance than other baselines, so thus we

TABLE VII: Fréchet distance between curves with every
100 points in ground truth and estimations.

| Mean Median CDF@0.9
NearestInt 2.07 2.05 2.67
RNN-Decay 2.20 2.16 2.93
NDF (ours) 1.92 1.90 2.72

also qualitatively prove that our NDF reproduces reasonable
shape of the trajectory better.

J. Latent Space Visualization

As shown in Fig. [T (a), we identify 8 local regions
along the trajectory. We gather all data frames with their
corresponding ground truth locations from the same region and
map them into latent states using selected baseline methods
and the proposed NDF method. These high-dimensional latent
states are then visualized by projecting them onto a 2D plane
using t-distributed Stochastic Neighbor Embedding (t-SNE).

Fig. [T6] (b) presents the t-SNE visualization results for the
single-band baseline (beam SNR-based DDND), the RNN-
Decay fusion baseline, and the proposed NDF method. The
sequence-to-sequence RNN-Decay fusion baseline exhibits
much clearer separation compared to the single-band beam
SNR-based DDND, highlighting the advantages of utilizing
multi-band Wi-Fi channel measurements in our experiment.
Nonetheless, it is seen that the latent states of regions 2 and
6 overlap within the upper right cluster.

In contrast, Fig. @ demonstrates that our NDF learns
a compact and well-separated representation in the latent
space, with denser latent distributions for each region. These
results further suggest that the low-dimensional latent space
effectively preserves the trajectory geometry within the NDF
framework. Notably, each latent cluster is spatially connected
to the edge of its adjacent cluster, creating a continuous latent
space that seamlessly transitions from one region to another.

VI. CONCLUSION

In this paper, we introduce the NDF framework, which
utilizes asynchronous multi-band Wi-Fi channel measurements
to estimate trajectories in a continuous-time manner. This is
achieved through a multiple-encoder, multiple-decoder archi-
tecture that aligns latent states across different input sequences
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Fig. 15: Training on Checkerboard, Testing on Cross Trajectory. Blue dots denote the ground truth location of the
cross trajectory, while red dots denote estimated locations from two baseline methods (a) and (b) and the proposed

NDF framework (c) using the multi-band Wi-Fi data.
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(b) Latent states from selected regions projected on 2D plane by t-SNE.

Fig. 16: Visualization of learned latent states from selected local regions, with matching colors between the local

regions and their corresponding latent states.

and fuses them for trajectory estimation. Latent state alignment
is facilitated by a learnable ODE model and the initial latent
conditions from the encoders. Evaluated with real-world multi-
band Wi-Fi data, the NDF framework demonstrates significant
performance enhancements compared to a comprehensive set
of single-band and multi-band baseline methods: our NDF
achieves lower localization error in average of about 26 cm
than baselines with errors exceeding 50 cm.

Our NDF framework can be extended to other types of
downstream tasks, particularly those continuous tracking a
subject’s behavior over time, such as activity recognition,
gait-based identification, vital sign monitoring, and behavior
analysis.

APPENDIX A
CSI CALIBRATION AND EMBEDDING

The extracted CSI suffers from both magnitude and phase
offsets, including carrier frequency offset (CFO), sample time
offset (STO) [30]-[35]. We choose the SpotFi calibration
method to eliminate the linear phase offset caused by STO and
CSI conjugate multiplication to cancel out packet-wise random
phase offset and improve the stability of the waveform. The
calibration is performed packet-wise and antenna-wise at the
receiving side. For each receiving antenna, we first unwrap the

CSI phase, then we obtain the best linear fit of the unwrapped
phase as

NRamNs

(Fins Bin] = argmin > (i, k) =27 f5 (k= 1)7+5)%,

P k=1
(52)
where 1, (1, j, k) = £Cy (i, j, k) is the unwrapped phase of the
n-th packet from transmitting antenna ¢ and receiving antenna
j at subcarrier k, and fs is the frequency spacing between
two adjacent subcarriers. We obtain the calibrated phase by
subtracting phase offset as

Unliy g, k) = i, 5, k) — 21 fs(k — 1) -

We further perform CSI conjugate multiplication across re-
ceiving antennas to remove random phase fluctuation over
packets [33]. This leads to the calibrated CSI element

én(i7j7 k) = Cn(i7j7 k)C:;(Z?] + 1, k)a
where 7 = 1,--- ,Nr, — 1, and * represents the complex
conjugate. Grouping all calibrated CSI elements C,, (4, j, k)
over transmitting antenna ¢, receiving antenna j, and sub-
carrier k, the calibrated CSI tensor is given by C, €
CNrax(Nra—1)xNs We present below additional plots of the
CSI measurements before calibration (Fig. [I7a] and and

(53)

(54)
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Fig. 17: Visualization of CSI measurements before and
after calibration.

after calibration (Fig. and [T7d). Each plot includes three
lines representing three consecutive CSI frames over time.
The plots demonstrate that the calibration process effectively
sanitizes the measurements, resulting in significantly smoother
and more consistent waveforms along the subcarrier axis over
time.

To balance between the two input (CSI and beam SNR)
sequences, we employ a pretrained convolutional autoencoder
(CAE) to compressed CSI tensor C,, into an embedding vector
¢, € RMex1 with the following steps:

o Complex-to-Real Conversion: we convert the

complex-valued C, into a real-valued matrix
C/ ¢ RNt=(Nra=D)Nex4 ' This is achieved by by
splitting each element into four parts: real, imaginary,
phase, and magnitude. Each of these parts is then
vectorized into a 1D vector and putting these four
vectors together yields C/.

+ Embedding from Autoencoder: The real-valued matrix
C/ is fed to the CAE as ¢, = &, (C]) and C/, =
ngA . (cn), where ¢, is the CSI embedding vector, Eos, .,
and Dgi o represent the encoder and decoder of CAE,
respectively, and Cﬁ; is the reconstructed real-valued CSI

matrix at the decoder output. The CAE is pretrained by
minimizing the reconstruction error between CJ and C.

APPENDIX B
LSTM UPDATE STEP

Given the measurement s,, at time step n and the auxiliary
variable h,,, one can use a s~tandard LSTM unit to update
the latent variable h,, = R(h,,s,;0), n = 0,1,--- N,

where R(-,-|0) is implemented with the following process
(with abuse of notation)
& = tanh (Wies, + Wichy +be ) | (55)
£ =0 (Wopsn+ Wishy + by ). (56)
in = o (Wyisy + Wi, + by (57)

The above process consists of three gates:
« a memory gate of (33)) uses the tanh function to combine
the auxiliary hidden state h,, and the current input s,
into a value range of (—1,1).

« a forget gate of (56) also acts on (fln, Sy, ) but compresses
the value into (0,1) with the sigmoid function o(-) to
determine how much old memory should be retained.

e an input gate of compresses (Bn,s7,) into another
value between 0 and 1 and decides how much information
we should take from the new input s,

along with weight matrices Wi.c /¢ /i /ne/n f/ni @nd bias terms
b./s/i- Then new hidden state h, is updated as h, =
tanh (¢,) ® o,, where the new memory variable ¢,, updates

s “old” memory ¢, _; passing through the “current” forget
gate output f,, and adds new memory cell ¢,, weighted by the
“current” input gate output i,,: ¢, =, ®¢,_1 +1i, ® ¢y, and
the output gate o,, is computed as

0n =0 (WioSn + Wighy + We, @&, +b,) . (58)

It is seen that the parameters 6 in the LSTM update step is
giVen as 0 = {Wrc/rf/ri/hc/hf/hi/ro/ho/co7bc/f/i/o}'

APPENDIX C
GENERAL DERIVATION OF ELBO

Evidence lower bound, or ELBO, is a lower bound on
the log-likelihood of observed data. We first express the log-
likelihood of the input data x as

log p(x) = log p(x) / (alx

)dz
= [t (o 255 s iy ) o

_ Z|X Z|X z|X) 1o p(X,Z) Z
= D [q(z]x)|p(z] >1+/Q< P8y

where Dkuy[-||-] is the Kullback-Leibler (KL) divergence between

(59)

two given distributions. Given that Dkw[q(z|x)||p(z|x)] > 0, (&9)
follows as [44]
tozp(x) > [ atalx) loga(xla)da + [ atalx) oz 2 2ds

|
Dxwq(zx)[p(z)].  (60)

= Eq(z\x) [log q(X‘Z)] -

We extend the above lower bound to the case where two inputs x
and y with corresponding z, and z, as

Eo(zs 2y x.y) [1084(%, ¥ |22, 2y)] — Dcvla(ze, 2y %, y)||p(22, 2y)]-

The KL divergence term can be decomposed to the sum of two KL
divergence terms by using the independent assumptions between x
and y and between z, and z,,

Dx1[q(Za, 2y %, y)||P(22, 2y)]

// (22 ]%)q(20]y) <log ((:c|)) (?ylz'))dzwdzy
~ [ atw vz, [ atalx)tog 22X,

=1

+/q(zz|x)dzz/ (zy]y) log ((;Lb)’)dzy

—_———
=1

= Dxwlg(z2[x)[|p(22)] + Dxr[q(2y |y)|[p(2y)]-

(61)
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