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Abstract

Background-oriented schlieren (BOS) tomography has emerged as an effective tool for quan-
titatively visualizing and reconstructing spatio-temporal volumetric thermal flows. Existing
solutions rely on capturing multiview snapshots of a volumetric flow and solving a time-
resolved inverse problem to reconstruct the flow. In this work, we propose a single view BOS
imaging system that, when constrained by partial differential equations (PDEs) that charac-
terize the airflow temporal dynamics, allows us to accurately reconstruct the time-resolved
flow field. Our framework leverages an image rendering schlieren loss metric coupled with a
physics-informed neural network (PINN) representation of the target flow fields that minimize
the residuals of the coupled Boussinesq approximation of the time-dependent incompressible
Navier—Stokes and the heat transfer equations. We further investigate a data-driven closure
strategy in which effective thermal transport coefficients are learned directly from BOS data,
thereby compensating for model mismatch between prescribed molecular properties and the
unresolved turbulent trans- port present in the true flow.
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ABSTRACT

Background-oriented schlieren (BOS) tomography has emerged as
an effective tool for quantitatively visualizing and reconstructing
spatio-temporal volumetric thermal flows. Existing solutions rely
on capturing multiview snapshots of a volumetric flow and solv-
ing a time-resolved inverse problem to reconstruct the flow. In this
work, we propose a single view BOS imaging system that, when
constrained by partial differential equations (PDEs) that characterize
the airflow temporal dynamics, allows us to accurately reconstruct
the time-resolved flow field. Our framework leverages an image ren-
dering schlieren loss metric coupled with a physics-informed neural
network (PINN) representation of the target flow fields that mini-
mize the residuals of the coupled Boussinesq approximation of the
time-dependent incompressible Navier—Stokes and the heat transfer
equations. We further investigate a data-driven closure strategy in
which effective thermal transport coefficients are learned directly
from BOS data, thereby compensating for model mismatch between
prescribed molecular properties and the unresolved turbulent trans-
port present in the true flow.

Index Terms— background-oriented schlieren, physics-informed
neural network, ray tracing, tomography, dynamic airflow sensing

1. INTRODUCTION

Non-intrusive sensing of transient three-dimensional (3D) thermal
flows has uses in the control and efficiency of heating, ventilation,
and air conditioning (HVAC) systems [1-4]. Background-oriented
schlieren (BOS) imaging has emerged as a promising technique for
sensing transparent flows that exhibit thermal gradients. BOS offers
quantitative reconstruction, a wide field of view, and high sensitiv-
ity for a low cost [5-8]. In BOS tomography, images of a patterned
background are observed using a camera to detect distortions result-
ing from changes in the refractive field of the flow [9-13]. Although
BOS enables high-resolution, quantitative flow diagnostics, the to-
mographic reconstruction problem becomes well-posed only when a
sufficiently large number of viewing directions are available to mit-
igate spatial ambiguities [14—17]. Such requirements limit the prac-
ticality of BOS tomography for room-scale measurements, where
deploying large backgrounds and numerous cameras becomes oner-
ous.

Single view BOS tomography becomes feasible when prior
information can be imposed on the reconstructed flow in the form
of regularization using, for instance, a low-dimensional spatio-
temporal representation, or by satisfying governing equations of the
flow dynamics. Both prior structures may be realized using neural
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Fig. 1. Tllustration of the imaging setup where a camera observes a
patterned back-wall through a time-varying heterogeneous tempera-
ture field.

implicit representations [18-22]. In neural implicit refractive to-
mography (NIRT), a coordinate-based neural network takes spatial
inputs and predicts the target field, such as the refractive index or
density distribution. Zhao et al. [18] and Molnar et al. [19] examined
NIRT for single-view reconstructions, while He et al. [20] and Li et
al. [21] expanded the method to the multi-view setting. Molnar et
al. [22] introduced a spatiotemporal formulation that jointly recon-
structs 3D fields over an entire time series of projections, thereby
embedding prior knowledge of flow dynamics into the recovery
process.

Maintaining consistency with the BOS measurements is criti-
cal for ensuring accurate flow reconstruction [23]. The prevailing
techniques include Tomographic BOS (TomoBOS) and Unified BOS
(UBOS). TomoBOS consists of deflection sensing, spatial recon-
struction, and a Poisson solve, whereas UBOS merges these into
a single optical flow—deflection inversion leading to potentially im-
proved density field estimation [5]. More recently, a rendering-based
BOS metric developed by Teh et al. [24] demonstrated improved sen-
sitivity to small gradients in the refractive field. They also incorpo-
rated a PINN to parameterize a steady state flow field and regularize
the reconstruction.

In this paper, we adopt the rendering-based BOS technique and
improve upon Teh et al.’s formulation by utilizing a time-dependent
PINN architecture for modeling dynamic flow fields. We regularize
the flow reconstruction using the residuals of the coupled Boussi-
nesq approximation of the time-dependent incompressible Navier—
Stokes and heat transfer equations. Moreover, we explore a simple
data-driven closure strategy in which the effective thermal transport
coefficients are learned over time from the BOS measurements, lead-
ing to more robust reconstructions when the coefficients prescribed
in the regularization are not consistent with those of the true flow.



2. RENDERING-BASED BOS IMAGE FORMATION

We consider a room containing a camera, an air inlet, and a patterned
back-wall as illustrated in Fig. 1. The inlet introduces airflow at a
temperature that differs from the ambient temperature, creating den-
sity variations in the flow field. When no flow is present, the camera
captures a reference image I, of the background. When the flow is
on, the refractive index 7 of the air changes, bending light rays and
producing a distorted image Ifow. The refractive index 7 is linked to
the gas density p through the Gladstone—Dale equation n = 1 4 G,
where G is the Gladstone-Dale constant [25]. For small pressure
variations indoors, the ideal gas law allows an approximation that
expresses 7 directly in terms of temperature 1":

n(T) =14 poG To/T (D

where po and Tp are the ambient density and temperature, respec-
tively [17]. Equation (1) highlights that changes in air temperature
induce variations in density and thus refractive index, which are the
source of optical distortions in BOS.

The rendering-based BOS formulation [24] differs from the clas-
sical BOS displacement fields by adopting a ray tracing perspective
based on the refractive radiative transfer equation (RRTE) [26]. The
trajectory of a ray with position x and direction v in an inhomoge-
neous medium satisfies

dx/do = v, dv/do =nVn. )
For a given sensor position and direction (Xs,Vs), the nonlinear
mapping to the back-wall is defined as (Xw, V) = Fsow(Xs, Vs, 1),
where the integrals along the path account for changes in 7. Since
exact integration is expensive, Teh et al. [24] introduce a quasi-linear
approximation, in which the initial spatial trajectory is approximated
by a straight line path X(d) ~ x¢ + dvo, d € (0, D], in order to
sample the refractive field along the line, where D is the distance
to the back-wall. The ray directions v(d) are then computed for
the 1 values sampled along the straight path X and the final position
of the ray (xw, vw) is evaluated by integrating the path along the
directions v:

d
%(d) %/ V(o) do + xo. 3)
0

The resulting position and direction at the back-wall are used in the
pixel intensity calculations, i.e., (Xw, Vw) = Fotow (Xs, Vs, 1) =
(%x(D),v(D)). This enables efficient evaluation of refractive field
queries while retaining accuracy in estimating ray deflections.

The image formation model expresses the intensity of pixel j as

I = / / Wj(xs)Lwau(xw,vw)Mdvsdxs, 4)
Ay JQy

sl

where W ; denotes the pixel filter, Ly the wall luminance, (A, Vi)
is a cosine factor related to the back-wall normal Ry, and ||7sow ]| 18
the ray path length. The total intensity for the pixel integrates over
all incoming directions, €25, and the pixel area, A;.

The full BOS forward model is encapsulated by the operator B:

Inow := B(n), ®

which integrates camera geometry, refractive field, and source char-
acteristics to generate the measured flow image. The operator B
evaluates the integral in (4) for all pixels j, thus providing a differen-
tiable, rendering-based function of the airflow-induced temperature
fields to synthesize the BOS measurements.

3. TIME-RESOLVED BOS TOMOGRAPHY

We define the dynamic airflow reconstruction problem as the task of
determining the airflow fields denoted by the time varying temper-
ature, pressure, and velocity fields (7" (¢),p*(¢),u"(t)) over some
time interval ¢ € [0, 7]. The airflow fields are observed by a set of
BOS images Inow(k), k € {1,... K} that capture temporal BOS
snapshots at discrete time instances ¢;. The BOS measurements are
complemented with boundary conditions (77 (t), p*(t),u*(t))’F
sampled at a boundary region I' that includes the air inlet and a
zero-velocity condition on all walls. Finally, the inversion is regu-
larized by minimizing the PDE residuals of the coupled Boussinesq
approximation of the time-dependent incompressible Navier—Stokes
and heat transfer equations.

3.1. Inverse problem losses

To overcome the ill-posedness of single-view BOS tomography due
to the inherent ambiguities along the view direction [18], we define
an inverse problem with three loss terms: a schlieren loss Lgos, a
boundary loss Lr, and a physics-informed loss LppE.

The schlieren loss Lgos(nx) is defined as the sum of the
squared Euclidean distance between the observed images and the
rendered images obtained using (5), i.e.

2

; (6)
2

Leos({ne}hz1) = iH[ﬁow(k) - B(Wk))
k=1

with n, = 1+ poG%. The schlieren loss can be efficiently
differentiated with respect to the refractive field n using automatic
differentiation with adjoint-based gradients [18,24,27].

The boundary loss is imposed by minimizing a Euclidean dis-
tance between the computed fields and the measured fields at collo-
cation points on the boundary I" and for times ¢t € 7 C [0, 7] in
some collocation set 7 :

Lr(T,p,u) :ETH(TS(t),p:(t),uZ(t))Ip
— (Tu(®) pa(t), wa ()] I3

where subscript n denotes the fields normalized by dividing by their
corresponding maximum value.

Lastly, we describe the physics-informed loss Lppg. Since we
are dealing with time-varying flows, we assume the airflow to be
a time-dependent, incompressible, Newtonian fluid that is governed
by the Boussinesq approximation for buoyancy-driven flows. Specif-
ically, the loss functions correspond to the norms of the residuals of
the mass conservation, momentum conservation, and heat transfer
equations as [17,28-30]

(O]

Tmass (X) =V -u, (8a)
ou 1 .
Fmom (X, ) = 5 +(u-V)u+Vp— EVQqu RiThaeg,
(8b)
0Ty 1
Theat (X, 1) = atd + - V) Tha — ﬁVZTnd. (8¢)

Above, V and V? denote the three-dimensional gradient and Lapla-
cian operators, respectively. The variable x represents the nondi-
mensional spatial coordinate normalized by a characteristic length
L, and t corresponds to the nondimensional time normalized by a
characteristic time 7. The velocity field u = (u, v, w) is nondimen-
sionalized using a characteristic velocity U, while p corresponds to
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Fig. 2. Proposed architecture of the spatio-temporal neural represen-
tation for evaluating the BOS, PDE, and boundary losses.

the nondimensional pressure deviation from hydrostatic equilibrium,
scaled by po = poU?, with po being a reference density. The nondi-
mensional temperature perturbation 7,4 is defined from the dimen-
sional temperature 1" as Trq = T?nf_TJQO , where T, denotes the inlet
temperature and 7 the reference temperature. Other relevant quan-
tities include the gravitational acceleration g and its unit vector eg,
the kinematic viscosity v, the thermal diffusivity «, and the coeffi-
cient of thermal expansion 3. These parameters lead to the standard
nondimensional groups: the Reynolds, Péclet, and Richardson num-
bers, given by

rRe=YL pe— UL g 98T —TH)L

v a(t)’ U2 - O

A key challenge in physics-informed BOS tomography is that
the molecular thermal diffusivity amo1 does not adequately capture
real indoor turbulent flows. To reduce mismatch between BOS data
and PDE residuals, we learn a time-dependent scalar «(t), while
keeping v fixed since it cannot be reliably inferred from single-view
BOS measurements.

The physics-informed loss is finally defined as a weighted sum
of the residual norms as follows

LPDE(TJL u, Ot) =

Z 717‘1?1355 (X) + V2 ||rmom (Xa t) H% + 73Tl?eal (X7 t; o (t)) )
(x,t)EXXT
(10)

where 71,23 are scalar multipliers that balance the weight of each
residual, and (x,t) are coordinates of the collocation points uni-
formly sampled in the computational domain at each iteration.

3.2. Parameterization using PINN

Several works in the literature have shown that parameterizing the
(T, p,u) fields using a physics informed neural network (PINN)
composed of a multilayer perceptron (MLP) architecture allows for
a seamless imposition of the PDE constraints while also providing
additional spatial regularization to the problem [17, 18,24,31]. We
adopt this perspective, defining a neural operator M that maps from
a 3D spatial position x and time ¢ input to the five dimensional field
values (T'(t),p(t),u(t)) and thermal diffusivity parameter «(t) at
time ¢:

(T(t), p(t),u(t), a(t)) = Mo(x,1), an
where 6 denotes the set of all network weights included in the archi-
tecture. The position and time inputs are first mapped using random
Fourier feature embeddings [32], and then passed through three fully
connected layers of width 64 with SIREN activations [33]. The fi-
nal layer applies a tanh activation to constrain the outputs within
their respective ranges. The time input ¢ is also mapped through a
sub-module in the network, dubbed the coefficient branch, to predict
suitable values of the thermal diffusivity parameter «(¢). The coeffi-
cient branch is composed of three fully connected layers of width 16
and tanh activations. The final layer also applies a sigmoid activa-
tion to constrain « to physically reasonable values. Figure 2 depicts
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Fig. 3. Airflow visualization at ¢t = 6s, ¢t = 10s, and t = 14s.
The top row shows isosurfaces of the temperature field from the
URANS simulation. The bottom row shows the corresponding syn-
thetic BOS measurements at ¢t = 6s and t = 14s. No BOS mea-
surement is available at ¢ = 10s, and this intermediate state is used
solely for evaluation.

the MLP architecture and illustrates how its outputs contribute to the
different optimization losses. Because direct ray tracing through the
MLP is computationally expensive, we adopt an intermediate pro-
cedure [24] in which the MLP is first sampled on a voxel grid; this
grid representation is then used to perform ray tracing and evaluate
the schlieren loss Los. In contrast, the MLP is sampled directly at
spatio-temporal collocation points to compute the physics-informed
loss Lppr and boundary loss Lr.

3.3. Optimization formulation

The time-varying airflow fields can be reconstructed by solving the
following optimization problem in terms of the MLP weights 6:

mein M Lpos({mr i) + A2 Lr(Mpg) + A3 Lppr(Mo)
where mn, =1+ poG%,

12)
where the MLP network My is evaluated at collocation points
(x,t) € X x T for some spatial position set X" in the computational
and the temporal instance set 7. The multipliers \; 2,3 are scalars
that balance the weight of each loss term.

4. EXPERIMENTAL RESULTS AND CONCLUSION

4.1. Transient airflow simulation and BOS imaging setup

We simulate a time-dependent indoor airflow scenario using the
setup illustrated in Fig. 1. This configuration closely follows our
previous work [24], where a steady Reynolds-Averaged Navier—
Stokes (RANS) solver was used to model the flow. In this paper,
we extend that setup to an unsteady RANS (URANS) simulation in
order to capture the transient dynamics required for time-resolved
BOS reconstruction. The room measures 5.1 x 4.6 x 3m, with
its bottom-left corner located at (—1.2, —3.6,0) m. Ventilation is
provided through a rectangular inlet of size 0.30 x 0.20 m oriented
along the positive y-axis and positioned at the center of the x — 2
plane at a height of 2.2 m. An outlet of size 0.30 x 0.10 m is located
directly above the inlet at a height of 2.6 m. For schlieren imag-
ing, we model a single virtual pinhole camera whose optical axis
is aligned with the positive y-axis and placed at (1.35, —29,1.5) m
with a long focal length to ensure the full volume is visible.
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Fig. 4. RMSE of the reconstructed (7'(¢), p(t), u(t)) fields over time for the adaptive and fixed thermal diffusivity o models. Also shown are
the reconstruction errors from using a steady-state model evaluated at the two schlieren snapshots.
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Fig. 5. Time profile of the learned thermal diffusivity c.

The URANS simulation employs a k—e turbulence closure with
coefficients C,, = 0.09, Cy = 1.44, C2 = 1.92, and o = 1.11.
Ambient conditions are Ty = 300K and py = 1kg/m?, with
a coefficient of thermal expansion § = 3e—3K™!. The trans-
port properties correspond to the molecular values of air, with a
kinematic viscosity v = le—5m?s™! and a thermal diffusivity
a = 1.43e—5m?s™!. The inlet jet introduces air with velocity
uin = (0,2, —1.96) m/s and temperature Tin, = 321 K.

4.2. Reconstruction results and conclusion

As shown in Fig. 3, we extract BOS measurements from the URANS
simulation at t = 6s and ¢ = 14's, which serve as input frames for
reconstruction. The intermediate state at ¢ = 10s is held out and
used for quantitative evaluation of the reconstructed flow. We first
compare in Table 1 the performance of temperature, pressure, and
velocity reconstruction with and without the BOS measurements.
As in [24], we confirm that combining BOS measurements with the
PDE and boundary conditions leads to better recovery of each field
than the PDE and boundary conditions alone.

We next compare our proposed time-varying flow model to the
steady-state model of Teh et al. [24] and investigate the effect of
having o be a learnable coefficient. Table 2 and Figure 4 summarize
the RMSE of the temperature field at the start and end times (with
BOS measurements), as well as the performance over the continuous
time interval with no BOS measurement. First, we observe that the
steady-state model achieves the best performance att = 6s and 14's
when a good « value (e.g., 1.43e—5) has been selected. However,
the steady-state RMSE increases if a poor choice of « = 1.43e—21is
used; moreover, it cannot recover the flow field for times without
BOS measurements. Our proposed time-varying approach shows
similar behavior: better performance depends on knowing a good
value of « in advance. Furthermore, we show that using an addi-
tional MLP to estimate « tends to approach the RMSE of the good
«, without knowing or searching for that value in advance.

Table 1. RMSE for time-varying model with and without BOS

Lpos Lepe T(EK) p®Pa) u (m/s)
learned « v v 0.932 0.185 0.069
a = 1.43e—5 X v 1.357  0.193 0.07

Table 2. Reconstruction RMSE for T" (K) at different times

t=6s t=10s t=14s
time-varying + o = 1.43e—5  0.647 0.997 0.831
time-varying + o = 1.43e—2  0.746 1.095 0.966
time-varying + learned o 0.699 1.030 0.863

Figure 4 further demonstrates the utility of having a learned a
coefficient by displaying the RMSE for each field over the time win-
dow t = 6 to 14 s. Intuitively, the temperature field has lower er-
ror for the endpoints, when BOS measurements have been provided.
The pressure and velocity fields, which are inferred only through the
PDE constraints, are less directly affected by the presence of BOS
measurements. Note that the fixed o with the best performance is
different for temperature and pressure than it is for velocity. Learn-
ing the thermal diffusivity coefficient o enables the reconstruction to
approach or match the performance of good coefficient choices and
adapt to changes over time. Figure 5 shows the learned value of « as
it varies with time. The coefficient rises sharply after t = 6 s, reach-
ing a peak of approximately 9.3 x 10> before gradually decreasing
toward 5.6 x 1073 at t = 14s. This trend is physically plausible:
« is elevated during the early transient regime when turbulence and
mixing are strongest, then declines as the flow diffuses. The net-
work’s recovery of this temporal variation without prior specifica-
tion demonstrates the utility of learning «(¢) as an effective closure
parameter in the BOS inversion problem.

While in this work we restricted « to be a scalar function of time,
future extensions could explore more expressive parameterizations.
For example, modeling a(x, t) as a function of local flow features
could capture spatial variations in turbulent mixing that are not re-
flected in a global scalar. We also plan to evaluate our reconstruction
on experimental schlieren measurements of airflow. Finally, another
benefit of our time-varying approach is its computational efficiency
relative to the single snapshot solution. Solving for the parameters of
the single snapshot PINN with 80K iterations at each time instance
required 6 hours 39 minutes to complete. This is compared to the
time-varying PINN which can be solved with 80K iterations in 22
hours 7 minutes to recover the complete continuous time dynamics.
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