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Abstract— This paper considers the formulation and imple-
mentation of model predictive control (MPC) laws with cost
functions defined as Minkowski functions of convex, compact
sets. We propose constructive procedures for selecting stabiliz-
ing terminal elements based on a A-contractive set. In addition,
we describe a set-based implementation of the exact MPC
policy based on constrained zonotopes and a suboptimal MPC
policy based on a polytopic set approximation. Our numerical
simulations demonstrate that the proposed suboptimal set-
based policy achieves performance comparable to the standard
trajectory-based optimal control formulation, while requiring
less computational effort for low-dimensional systems.

I. INTRODUCTION

Model predictive control (MPC) for linear systems typ-
ically solves, over a receding horizon, an optimal control
problem (OCP) with convex stage and terminal costs and
linear state and input constraints [1]. Stability is often
enforced by constraining the terminal state to a polyhedral
positive invariant (PI) set [2] for the closed-loop dynamics
zt = (A + BK)z for some K, while choosing a quadratic
terminal cost 27 Pz that solves a Lyapunov (in)equality for a
given quadratic stage cost 27 Qx 4™ Ru [1]. This results in
a stabilizing feedback control policy defined by the solution
of a quadratic program (QP).

In this paper, we consider an alternative paradigm where
the stage and terminal cost functions are Minkowski func-
tions of convex, compact sets [3]. That is, the cost functions
are defined so that their sub-level sets are scalar weightings
of some convex, compact sets, and we seek to maintain the
states and controls inside of the smallest scaling of these sets.
Minkowski cost functions provide a flexible description for
several non-quadratic objectives, e.g., 1/oco-norm costs and
penalization of trajectories near constraint boundaries. They
also facilitate different OCP solution strategies, e.g., linear
programming and set-based solutions.

Procedures for selecting stabilizing terminal elements for
MPC based on Minkowski functions are discussed in [4]-
[7]. Specifically, [4] selects a set P defining the terminal cost
by solving a set inclusion problem parameterized by a gain
matrix K (i.e., an analogue to the Lyapunov inequality used
in linear-quadratic MPC). Then, a valid terminal constraint
set is defined by scaling P so that it is constraint admissible
under the feedback v = Kuzx. Similarly, [5] chooses a
constraint admissible PI set as the terminal set and a valid
terminal cost set P is synthesized by solving a set inclusion
problem. Alternatively, [6] showed that any polyhedral A-
contractive set C can be chosen as a terminal constraint set
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by choosing P = %C for a sufficiently large 8. Meanwhile,
the predictive controller in [7] relies on fixed choices of
Minkowski stage and terminal cost to ensure stability.

The first contribution of this paper (Section III) is a
systematic procedure that extends the stability result in [6],
which only showed existence of a sufficiently large scale
factor 5. To resolve this gap, we provide a systematic
procedure for computing 5 > 0 such that P = %C induces
a stabilizing terminal cost function for a given polyhedral
A-contractive set C. The procedure uses similar machinery
as a recent result for linear-quadratic MPC [8], but applied
to MPC with Minkowski cost functions.

The second contribution of this paper (Section IV) is
a set-based solution method for implementing the MPC
feedback policy. For the case where each set is a polytope,
we define a linear program (LP) whose solution is a one-
step control action that minimizes the cost-to-go of the OCP
for the current state. This is similar to existing works that
synthesize one-step LPs using multiparametric programming
and (approximate) polyhedral dynamic programming [9]-
[12]. However, we demonstrate that the one-step LP proposed
herein can be synthesized exactly in scalable fashion using
constrained zonotopes [13], [14]. In addition, we demonstrate
how suboptimal-but-feasible solutions to this LP can be com-
puted by formulating a facet-based LP based on a polytopic
approximation of a constrained zonotope.

Section V shows that the suboptimal MPC policy yields
computational benefits over a trajectory-based solution in nu-
merical examples. More importantly, however, the presented
examples demonstrate the potential of constrained zonotope
based solution strategies for the scalable implementation of
MPC based on OCPs whose solutions require the use of set-
based solutions (e.g., min-max MPC [11], [12]).

II. PRELIMINARIES AND PROBLEM SETTING
A. Notation, terminology, and operations

Let N represent the naturals including 0. Let N[a’gl =NnN
[a,b]. For x € R" and y € R™, let (z,y) = [2T yT]T. Let
p(A) denote the spectral radius of a matrix A. A set S C R”
is polyhedral (a polyhedron) if S = {z € R" | Sz < b} for
some S € R™*™ and b € R™. If in addition S is bounded,
then it is polytopic (a polytope). A set S is a C-set if it
convex, compact, and includes the origin in its interior. The
set S is a PC-set when it is a polytopic C-set. For a set
S C R™™ containing elements (z,u) with z € R"™ and
u € R™, the projection onto R" is Proj,(S) = {z | Ju €
R™ s.t. (z,u) € S}. Given a function f : R"™ — R, the
a sub-level set is B[f,a] = {z | f(z) < «}, and its
epigraph is Epi(f) = {(z,¢) | f(z) < ¢}. Two optimization



problems are called equivalent if the optimal solution(s) of
one problem is readily found from the solution(s) of the
other, and vice-versa.

B. Minkowski functions
The Minkowski function [3] of a C-set S is

Ys(z) :=inf{A >0 | z € AS}. (1)

In addition, for a PC-set S = {z € R? | Sz < 1} with
S € RPX4, then

T
max {s; x 2
iGNu,p]{ e @

Ys(z) =

where s; € RY are the transposed rows of S.
We will use the following properties of ¥ s in this work.

Proposition 1. (/3, Proposition 3.12]) For a C-set S: (i) Vs
is continuous and convex, (ii) Blis,\] = AS for X > 0,
(iii) 0 < Ys(z) < oo and s > 0 for x # 0, and (iv)
Vs(Az) = Mps(z) for X > 0.

Proposition 2. ([5, Lemma 1]) Let X, Y, and Z be any

three C-sets in R™, R™, and R", and let K € R™*" be
such that Z2 C X and KZ C Y. Then, for all o > 0, it
holds that: (i) Yx(x) < z(x), (i) Yex(z) = Lox(z),
and (iii) Py(Kz) < ¥z (x).

Corollary 1. Let Y and Z be C-sets in R™ and R", let
S CR"™ be any non-empty set, and let K € R™*™ be such
that K(ZNS) C Y. Then, Yy(Kzx) < ¢z(x) forall z € S.
C. Problem Setting

We consider the problem of MPC-based regulation of the
origin of a linear time-invariant discrete-time system

Tip+1 = Axy + Buy, 3)

subject to mixed state and input constraints

(l’k, uk) S y7 vk Z 07 (4)

where x; € R” is the state, uy € R™ is the control input,
and k € N is the discrete time index.

Assumption 1. The pair (A, B) is stabilizable and Y is a C-
set that contains the origin in the interior. In addition, there
exist closed sets X C R™ and U C R™ such that ) C X xU
andU(x) == {u € R" | (z,u) € YV} isa C-set forall z € X.

We consider a MPC feedback policy for the following
optimal control problem (OCP):

N-1
Pa@): | min, o Vilen) £ > Ui a), (52
LiyUif;—g »TN 1=
st. @ ==, (5b)

Tiy1 = Az + By,
(&3, 0;) € Y,
IN € Xf.

Vi € Njo,ny—1), (5¢)
Vi € Njo,ny—1), (5d)
(5e)

where £ : R"*™ — R is a stage cost, Vy : R* - R is a
terminal cost, and Xy C A is a terminal constraint set. In

this paper, we consider the special case where the stage and
terminal costs are Minkowski functions, i.e.,

Uz, u) == Yg(z) +Yr(u), Vi(z):=¢p(z),

where Q, R, P, and X are C-sets of appropriate dimension.

The following standard assumption ensures that the
closed-loop system under an MPC feedback policy based
on Py (z) is exponentially stable (e.g., see [1, Chapter 2]).

Assumption 2. For all v € Xy, there exists u € R™ such
that (i) (x,u) € Y, (ii) Az + Bu € Xy, and (iii) Vy(Ax +
Bu) — Vi(z) < —L(z, u).

That is, if Assumptions 1-2 hold and uj(z) represents the
first control input in an optimal solution to Py (x), then (3)
in closed-loop with uj, = ug(xy) is exponentially stable with
a region of attraction (RoA) I'y, where I'y C X is the set
of states for which Py () is feasible. Furthermore,

Vo(Az+ Bug(x)) —Vo(z) < —L(x,ul(z)), Vo €Ty, (6)

where Vj(x) is the optimal value of Py (z).
The first problem we address in this paper concerns how
to choose Xy and P to satisfy Assumption 2.

Problem 1. Given (A, B) and a PC-set ) satisfying Assump-
tion 1, and PC-sets Q and R, design constructive methods
to synthesize PC-sets P and Xy satisfying Assumption 2.

An existing solution [5] to Problem 1 based on PI sets is
discussed in Section III-A, while a new approach based on
A-contractive sets is presented in Section III-B.

The second problem addressed in this paper is as follows.

Problem 2. Given PC-sets YV, Q, R, P, and Xy, define a
set-based solution method to solve I1(x) for x € I'y:

II(x) : min ¢(x,q) + Vi (Az + Ba) (7a)

s.t. (z,0) €Y, (7b)

where Vi(x) is the optimal value function of Pn_1(z) and
we denote the optimal solution to I1(z) as w(z).

It is well-known that uj(xz) = w(z). Hence, II(x) can be
solved indirectly by solving Py (z). However, in Section IV,
we propose a direct solution to Problem 2 that aims to
transfer as much computation as possible to the offline stage,
so that only the solution of a low-dimensional problem
similar to (7) is required to compute the online control.
The approach is based on a realization that Epi(V;) can be
computed in scalable fashion using constrained zonotopes.

The results in Section III and IV can also be applied
independently. That is, the stability results in Section III are
independent of how the optimal control input is obtained,
while the set-based solution in Section IV can be applied
with arbitrary PC-sets X and P.

III. CONSTRUCTING Xy AND P FOR PROBLEM 1

Two solutions to Problem 1 are discussed in this section.
The first (Section III-A) is an existing method from [5],
where Xy is selected as a constraint admissible PI set



resulting from a static feedback gain, while P is selected by
solving a set inclusion problem. The second (Section III-B)
is a novel method where we select Xy as any A-contractive
PC-set with A < 1 and select P = %Xf, where 8 > 0
is computed through a constructive procedure leveraging
the work in [15]. The two approaches are summarized in
Algorithms 1 and 2 respectively.

The existing method in Algorithm 1 has the advantage
of being computationally tractable for relatively high dimen-
sional systems. In contrast, the novel method in Algorithm 2
results in an MPC policy that induces a much larger RoA
than the approach in Algorithm 1, but may be difficult to
implement on high dimensional systems. We present both
methods as complements to one another.

First, we discuss some preliminaries. We recall the defi-
nition of a A\-contractive set [3].

Definition 1. A set C C X is called \-contractive for some
A € 10,1, if;, for every x € C, there exists a u such that

Az + Bu e XC, (z,u) €, (8)

The maximal A-contractive set is the union of all M-
contractive sets.

Next, we state a well-known result (e.g., see [7, Lemma
2], [3, Exercise 4.7, 13]) that follows from the definition of
A-contractivity for linear systems.

Proposition 3. Let A € [0,1] and let C C X be a A
contractive C-set. Then, for every x € C, there exists a
control policy p: C — R™ such that (x,u(x)) € Y and

Ye(Az + Bu(x)) < Mpe(x). ©)

A. Positively Invariant Terminal Set

Algorithm 1 summarizes the procedure for choosing P
and Xy discussed in [5], while Proposition 4 summarizes
the properties discussed therein.

Proposition 4. ([5, Proposition 1]) Let Assumption 1 hold.
Then, Algorithm 1 is feasible and its outputs ‘P and Xy are
PC-sets. Furthermore, for all x € X;: (i) (x,Kz) € Y, (ii)
(A+ BK)x € Xy, and (iii) vp((A+ BK)zx) — ¢p(z) <
—{(x, Kx). Hence, Assumption 2 is satisfied.

Algorithm 1 specifies Xy as a maximal PI terminal set so
that Assumption 2.i-ii hold by definition. Then, the choice of
P = éﬁ ensures that Assumption 2.iii holds. Algorithm 1 is
straightforward and is reminiscent of the procedure used to
choose a terminal cost in linear-quadratic MPC. However, the
PI set for a particular feedback © = Kz may be significantly
smaller than, for example, the maximal )\ﬁ-contractive set.
In the following subsection, we demonstrate how to choose

P and X; based on a given A-contractive PC-set.

B. \-contractive Terminal Set

Consider any A-contractive PC-set C with A < 1. It is
straightforward to see that (9) implies that 35 > 0 such that

P = %C satisfies Assumption 2.iii with Xy = C.

Algorithm 1 Positive invariant terminal elements [5]
1: Input: A, B, Y, 9, R
2: Select a gain K such that p(A + BK) < 1.
3: Determine a PC-set P and a A € (0, 1) satisfying

(A+ BK)P C \P, (10)
(e.g., using [16, Lemma 5]).
4: Compute the following constants:
5 1= mi D C P
Ap min {77 | (A+ BK)P _7777},
ap =0gp+agp, where (11D

agp 1= min {n | PC(1- /\)nQ} ;

+ = mi D C (1 —

O p = min {77 | KPC(1 )\)7)73}7

5: Define P = éﬁ for a = ap.

6: Define Xy as the maximal PI set (e.g., using [2]) for
1t = (A + BK)zx with constraints (z, Kx) € V.

7: Output: P, Xy

To compute such a f3, it is necessary to specify a control
policy s that satisfies Proposition 3 for C. The result in [15]
shows that for any such C, there exists a continuous piecewise
linear control law pc : C — R™ satisfying Proposition 3 that
takes the form

Kiz ifzeC

pe(z) = (12)

K.z ifzeC,

where C; are simplices formed by n vertices and the origin,
U;_, Ci =C, and C; NC; has zero volume for all i # j. We
refer the reader to [3], [8], [15] for a description of how the
simplices and gain matrices are computed.

A novel solution to Problem 1 is proposed in Algorithm 2.
The following proposition demonstrates that the outputs of
Algorithm 2 are well-defined and solve Problem 1.

Algorithm 2 A-contractive terminal elements
1: Input: A, B, Y, Q, R, A-contractive PC-set C with \ < 1
2: Compute the matrix-simplex pairs {(K;,C;)}7_; (e.g.,
using [15]) defining the control law pc in (12).
3: Compute the following constants:

Bc = Boc + Br.c, where
ae =iy (1] € € (1- 0}

Br.c = 131;51 {n| KiC; € (1— AR, Vie Ny 4},

13)

4: Define Xy = C and P = 5C with § = fc.
5: Output: P, X

Proposition 5. Let Assumption 1 hold. Then, Algorithm 2 is
feasible and its outputs P and Xy are PC-sets. Furthermore,
forallx € Xy: (i) (z, uc(x)) € Y, (ii) Ax+Bpuc(x) € Ay,



and (iii) Yp (Az+Buc(z))—tp(x) < —€(z, pe(x)). Hence,
Assumption 2 is satisfied.

Proof. We begin by proving that each step of Algorithm 2
is feasible. First, existence of a A-contractive PC-set C for
some A\ € (0,1) follows from standard theorems (e.g., [17,
Theorem 3.2]). Furthermore, existence of the control policy
in (12) follows from [15]. Then, a finite solution to (13)
exists since Q, R, and C are C-sets. Thus, Algorithm 2 is
feasible and X’y and P are PC-sets by definition.

To prove each of the stated claims, we let C be any A-
contractive PC-set C for some A € (0,1) and let uc be the
control policy in (12). Satisfaction of (i) and (ii) follows by
Definition 1. Then, all that remains is to prove (iii). Consider
the solution of (13) for C. Since C C (1 — \)Bg,cQ, then

(1 =XN)pBao,cte(x) > Yo(x), VoreR", (14)

by Proposition 2.i-ii. Similarly, since K;C; C (1 —X)Br.cR
for all 7 € Ny ), then Vi € Npg g

(1= XN)Brcte(@) = Yr(Kx), Ve el  (15)
by the combination of Proposition 2.i-ii and Corollary 1,

where we have used the fact that C N C; = C; by definition
of C; in (12). Then, for any 8 > (e,

(1 =XN)B¢e(x) = (1 = NBac + Brelte(z),

> o) + vr(i (@) Ve €C, (16)

where the first inequality holds trivially and the second
holds by (14) and the fact that (15) holds for all i &
Njy,5). Finally, Proposition 2.ii can be used rewrite (9) as
1e(Az+ Bue(n)) — dac(x) < —(1 - A\)ue(x). Hence,
the result in (iii) is obtained from (16) and P = %C. O

Both Propositions 4 and 5 hold for any C-sets Q and R.
However, when Q and R are PC-sets, then (11) and (13) are
solvable as a sequence of LPs.

In general, the maximal A-contractive set may not be
polyhedral even if ) is a PC-set. However, if a A-contractive
C-set exists for A € (0, 1), then there exists a polyhedral set
recursion that: (i) converges to the maximal A-contractive
set if it is a C-set [18], and (ii) can be finitely terminated
to produce a A'-contractive set with A’ € (A, 1) [17]. Any
reasonable approximation of a maximal A-contractive set will
be much larger than any constraint admissible PI set under
a particular linear feedback law v = Kz (e.g., see [6]-
[8]). Hence, the RoA induced by the MPC proposed in this
subsection will be much larger than the RoA induced by
approaches similar to Section III-A (e.g., [4], [S]).

IV. SET-BASED SOLUTION TO (5)

This section details a solution to Problem 2. First, we
describe how P (z) can be reformulated, and then show how
constrained zonotopes may be used to address Problem 2.

A. Reformulation of Py (x)

The problem in (5) can be expressed in an equivalent form
by introducing auxiliary variables {v;}~ , and {0} "

N-1

P;rv(x) o mi}rvli1 ) YN + Z Ve + o (17a)
{&4,8i,7i,0i } ;=g »ENIN =0

s.t.  (5b) — (Se), (17b)

jjt € ’Ytgv Yt > Oa
Uy € o¢R, 0 >0,
‘%N G’YNP, YN Z 07

vVt € N[07N71]7 (17¢)
Vit € Njg,ny—15, (17d)
(17e)

Proposition 6. The problem IP’}LV (z) is equivalent to Py (x).

Proof. The objective of (17) ensures that it is equivalent to a
problem with (17¢)-(17e) replaced with equality constraints:
’L/)Q(i‘t) = "t and ’L/)R(’llt) = o for all t € N[O’Nfl] and
Yp(ZN) = yn, which is equivalent to Py (z). O

Note that (17) is an LP if ), Q, R, P, and X are PC-sets.

B. Set-based solution to P' (x)

The goal of the set-based solution is to transfer as much
computation as possible to the offline stage, so that the online
feedback control only requires the solution to the following
single input problem resembling II(x):

UEE min o + ¢ (18a)
st (z,0) €Y, G€TR, (18b)
(Ax + B, c) € K4, (18¢)
whose solution we define as 7' (), and
K1 = Proj, o (Ky), (19)

{(@, ﬂt)}g;li
{(y,00) } i
TN, YN, C

Vt € Np y_1) Te41 = ALy + By, (I, %) € Y,
B € 1 QU € o/R, (i, 00) > 0,78 20,
iy € Xy, in € WP, N + Ef;}l% +op=c

Kl =

Hence, a vector z = ({(&¢, Gy, V¢, at)}ii_ll, Zn,yN) satisfies
(z,¢) € Ky if and only if (z,c) is a feasible solution to
]P’R,_l(a?l). Note K; and K; are polyhedral when ), O, R,
P, and Xy are PC-sets. Furthermore, K; and KC; are bounded
if K is intersected with any upper bound on c. The following
is the primary result of this section.

Proposition 7. Let YV, O, R, P, and Xy be C-sets. Then,
' (z) is equivalent to T1(z) for any x € T'y. Furthermore,
Kl = Ep1(V1)

Proof. Fix x € I'y and let v = 1pg(x). It is well-known that
m(x) = ug(x). Thus, consider an optimal solution to ]P’R,(a:),
denoted by 7 = ({(27,u7, 77 07) 15y 7). whose
optimal cost is c* 4o +y, where c¢* = 7}‘\,+Zt:_11 ¥i +oj.
By definition, (x,48) € Y, &5 = Az + Bu, Yr(4h) = of,
and (z7,c*) € Ky, where z] is defined analogously to z.
Thus, 7 = (u}, 0, ¢*) must be a feasible solution to ITT(z).

To prove that 7* is an optimizer of II(x), assume for
the sake of contradiction that there exists a feasible solution
7' = (u',0',c) to I (x) with o’ + ¢ < o + c*. Then,



there exists z} = ({(}, u}, 7., o))yt 2y, ) With 2 =
Az + Bu' and (z,u') € Y such that (z],¢’) € Ky. Thus, the
candidate solution (z,u’,~v,0’,2},c') to IP’}LV(x) is feasible
and has a cost of ¢’ +0’+~. Hence, we have found a feasible
solution to IP’IV(J:) with a cost less than c¢* 4 o + 7y, which
is a contradiction. Hence, 7* must be an optimal solution
to I (z). Thus, 7 (x) = m(z) = wu(x). Finally, the fact
that Iy = Epi(V7) follows directly from the definition of the
epigraph, optimality of V7, and the definition of K; [19]. [

C. Discussion and implementation

Methods to (approximately) solve problems similar to
Problem 2 for 1/co-norm and continuous, convex, piecewise-
linear/affine cost functions have long been established in
literature — both in deterministic [9], [10] and robust [11],
[12], [19] settings. However, these approaches can be com-
putationally prohibitive even for small-scale systems due to
their reliance on explicit solutions to multiparametric pro-
gramming problems. Notably, [12] attempts to alleviate these
issues by instead computing a polyhedral approximation of
a set similar to X; through an approximated polyhedral
dynamic programming (DP) recursion.

Instead, we propose to compute Ky directly through (19)
using a constrained zonotope representation (CZ-rep) of Kj.
This results in an exact CZ-rep of Ky that is tractable to
compute even for high-dimensional systems [14], [19]. The
drawback is that auxiliary variables must be introduced to
solve ITf () if KC; is in CZ-rep, which will usually result in
an LP with a higher number of variables and constraints than
the corresponding trajectory optimization problem in (17).

In contrast, if Ky is represented as a polytope in H-
rep, then II7(z) is an LP with only m -+ 2 optimization
variables. However, direction conversion from CZ-rep to H-
rep is usually computationally intractable [13]. An alternative
is to compute a polytopic inner-approximation ICllpOly c Ky
(e.g., using ray shooting [20]). Then, replacing Ky in (18c)
with K7 results in an m + 2 dimensional LP that yields
suboptimal solutions to ITT(x), where the suboptimality is
dictated by how well K**" approximates ;.

Hence, we propose a suboptimal solution to Problem 2 in
Algorithm 3. In summary, the practical difference between
our approach and existing methods (e.g., [9]-[12]) is that
we can scalably compute an exact CZ-rep of Xy, while
polytopic approximation is only required to synthesize a
more efficient online control policy. In contrast, the method
in [12] formulates a set recursion where approximation is
performed at every step in the recursion.

Algorithm 3 Set-based MPC policy

1: Offline: Form the CZ-rep of K; and perform the projec-
tion in (19) to obtain the CZ-rep of ;.

2: Obtain a polytopic approximation K'Y c K.

3: Online: Obtain a measurement of the current state xy,.

4: Solve for the optimal solution of IIf(x) with Ky in
(18c) replaced by KoY.

5. Apply the control input ux = u*(xy).

(a) PI

(b) LC

Fig. 1. Example polytopic approximations of ;. The plotted sets contain
around half as many vertices as K?Oly, which pycvxset failed to properly
render due to the higher number of vertices.

V. NUMERICAL EXAMPLES
A. 2D Illustrative Example

We consider the same system as in [6, Example 1]:

A— 1.0250 0.0125 B— 0.06 0
~10.0250  1.0500] 10 005]

with Y = X x U, X = B[]z, 1], U = Bl||u)lco, 1],
Yo(x) = ||z||1, and Y (u) = 0.1]|ul|;. We design two MPC
policies: one based on the positive invariant terminal ingredi-
ents computed through Algorithm 1 (i.e., [5]), the other based
on the A-contractive terminal ingredients computed through
Algorithm 2 — we refer to these as the PI and LC approaches
respectively. Both policies use a horizon of N = 15.

In the PI approach, the gain K is the LQR gain resulting
from Qx = I and Rx = 0.11. The maximal PI set is
represented using 4 half-spaces. The set Pis computed using
[16, Lemma 5]. That is, a matrix P is determined by solving
the feasibility problem AT PA < \?P for A = A+ BK and
X = (14p(A))/2 = 0.926. Then, P is defined as a polytopic
inner-approximation of Bl||x|p,1] with 10 vertices. This
yields A\(P) = 0.856 and a = a(P) = 19.7. Note that
A(P) < 1 verifies that Y satisfies (9) for any A € A(P),1].

In the LC approach, Xy is a A-contractive set C for A =
0.99 computed using the standard set recursions (e.g., see
[17]). The resulting polytope contains 126 half-spaces. The
terminal weight S¢ = 220 is computed by synthesizing the
piecewise control law in (12) using the same method as [8].

We used pycvxset [20] to perform all set-based compu-
tations. In the PI case, the CZ-rep of K; computed through
(19) has latent dimension 357 and 298 equality constraints,
whereas in the LC case has latent dimension 469 and 410
equality constraints. For reference, both pycvxset and
MPT3 [21] failed to compute X; when using polyhedral set
operations — even when this process was formulated using
lower-dimensional set recursions, similar to [11], [12], [19],
due to the underlying vertex-facet enumerations.

The polyhedral approximation IC11)°1y is generated by
combining ray-shooting approximations of K" = K; N
{(z,¢)] ¢ < ¢;} for @ = 1,2. The value of ¢y is chosen
so that the entire useful volume of K; is covered, while
c1 is chosen to refine the approximation in a smaller area



TABLE I
DIMENSIONS AND EXECUTION TIME PERCENTILES OF THE LPS THAT
DEFINE EACH CONTROL POLICY IN SECTION V-A.

(a) PI (b) LC
Traj Set-CZ  Set-H | Traj Set-CZ  Set-H
# of LP var 93 361 4 93 473 4
# of LP eq. 32 301 0 32 413 0

# of LP ineq. 285 722 271 398 946 201
Median (ms) 0.82 1.76 0.66 | 0.90 2.12 0.52
95™ perc. (ms) | 0.90 1.99 0.73 1.04 2.61 0.59

(a) PI

(b) LC

Fig. 2. Closed-loop trajectories resulting from the Traj/Set-CZ policies
(red) and the Set-H policy (blue) for the 2D example. The RoA I' (solid)
and the terminal set X’y (dashed) are plotted in black.

of interest. In the PI case, 150 shooting vectors are used to
approximate K39 and 206 vectors are used for K15. In the LC
case, 150 vectors are used for 2% and 206 vectors are used
for K150, The overall approximation K.°Y is obtained by
combining each K{’, reducing the V-rep of the combination,
and then generating the H-rep. The resulting set ICEI’OIy is
represented with 269 half-spaces (147 vertices) and 193 half-
spaces (153 vertices) in the PI and LC cases respectively.
Offline construction of these sets took ~20 s in both cases.
Example approximations of K; are shown in Figure 1.

The top half of Table I shows the dimensions of the LPs
defining: (i) Traj: the trajectory-based OCP IP’}‘V(J:), (ii) Set-
CZ: the exact set-based problem IIf(z) with K; in CZ-rep,
and (iii) Set-H: the approximation of IIf(x) based on K}V,
As discussed in Section IV-C, the Set-H problem is much
simpler than the Set-CZ problem. The complexity of ICI;OIy
is chosen in this example so that the Set-H problem has
fewer inequality constraints than the Traj problem. Hence, it
is reasonable to assume that the Set-H problem will facilitate
quicker solutions than the Traj problem since it has both
fewer variables and constraints. As expected, the Set-CZ
policy for the LC case is more complex than the PI case,
while the Set-H policies are similar in complexity since the
same number of vertices were used in approximation.

The bottom half of Table I reports the execution time'
percentiles for the simulations shown in Figure 2. The
execution times align with the expected results given the

problem dimensions. Recall that the trajectories produced by

IThe LPs were solved in Python 3.12.4 on a 2023 MacBook Pro (M3
Max) with 64 GB RAM using the ECOS solver [22] in cvxpy with default
settings and no warm-starting. The reported percentiles are based on the
cumulative data obtained from every simulation.

the Traj and the Set-CZ policies are identical (Proposition 7).
In contrast, the Set-H policy produces slightly different
trajectories due its reliance on leOly. Nevertheless, the state
trajectories are similar and every initial condition is driven to
the origin. We reiterate that the Set-H policy depends closely
on the method used to form ICfl’Oly. Hence, we caution against
drawing overly general conclusions from these results.
Finally, we highlight that the LC terminal region X itself
is larger than the feasible region of the PI policy. Hence, the
difference in RoA size in Figure 2 would be present even if
very small horizon lengths were used in the LC case. This
reflects the discussion in Section III-B and the motivation
behind choosing a near-maximal A-contractive terminal set.

B. Planar Spacecraft Relative Motion

In the next example, we consider the equations for space-
craft relative motion in a 2D plane. The continuous-time
state-space matrices for the coordinates (z,y, &, y) are

0 0 1 0 0 0
0 O 0 1 0 0
Ae = 3n?2 0 0 2nl|’ B. = 1 0|’
0 0 —2n O 0 1
where n = /u/a3 is the orbital rate, p = 3.986 x

1014 m?3 / s? is the gravitational constant, and a = 6.878 km
is the orbital radius. The discrete-time matrices (A, B) are
obtained using a zero-order hold discretization with At = 5s.
The system constraints are ) = X x U where X = X, x
[-3,3] x [-3,3], U = [-0.01,0.01] x [-0.01,0.01], and
Xy 18 a cone with a vertex at (z,y) = (2,0) and an angle
of § = 30° intersected with z > —8 (see Figure 3). The
vertex at (2,0) represents the position of the chief and the
boundaries of X, impose a line-of-sight constraint and a
maximum following distance on the follower spacecraft.
Only a PI policy is considered in this example since
computation of a generic A-contractive set proved to be
difficult. The sets Q and R are defined so that g =
10|2|40.1|y|+|#|+0.1|7| and 5 = 103|u/|;. The gain K is
the LQR gain resulting from Q x = diag(10,0.1,1,0.1) and
Ry = 103 - I. The set P is determined as in the previous

example by using 104 vertices. This yields A(P) = 0.881
and o = (P) = 746.9. The MPC horizon is N = 8.

The purpose of this example is to demonstrate how the
approach scales on a slightly higher dimensional system.
The projection operation in (19) is still computed in less
than a minute using CZ representations in pycvxset. The
resulting CZ-rep has latent dimension 885 and 852 equality
constraints. However, generating a 5-dimensional polytopic
approximation of K is difficult. Similarly to last example,
170 shooting vectors are used to approximate K3 and
234 vectors are used for X1°°. This results in a polyhedral
approximation ICI;OIy represented with 3870 half-spaces (158
vertices). Clearly, few vertex points results in a large H-rep
due to the complex nature of 5-dimensional geometry. The
overall dimensions of the LPs are show in Table II.

The resulting closed-loop trajectories are shown in Fig-
ure 3. Unlike the previous example, there are significant



TABLE I
DIMENSIONS OF THE LPS IN SECTION V-B.

Traj | Set-CZ | Set-H
# of var 69 889 4
# of eq. 36 857 0
# of ineq. | 857 1778 3878
[
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Fig. 3. Closed-loop (z,y) trajectories for the spacecraft relative motion
example. Slices at £ = ¢ = 0 of the RoA T" (solid), the terminal set Xf
(dashed), and the constraint set Xz, (dash-dotted) are plotted in black.

differences between the Traj/Set-CZ trajectories and the Set-
H trajectories due to poor approximation of ;. Nevertheless,
the Set-H policy remains robust enough to retain conver-
gence even when the set K; is poorly approximated due to
the curse of dimensionality. However, there is not a clear
computational advantage to the Set-H policy in this example
due to a higher number of constraints.

We conclude by reiterating that the exact Set-CZ policy
is computationally tractable in this example and the corre-
sponding online LP does not suffer greatly from the curse
of dimensionality. That is, the latent dimension and number
of equality constraints in the CZ-rep of Ky in this example
is ~ 2.5x the size of the previous example, which is a
reasonable increase to incur when doubling the dimension
of the state-space. Of course, there is no clear reason to
implement the Set-CZ policy over the Traj policy in this
example. However, we note that the use of CZ-based set
operations provides promise as a computationally scalable
way to implement MPC based on OCPs whose solutions
require the use of set-based solutions (e.g., min-max MPC
[11], [12]). In addition, developing better methods for inner-
approximating CZs with polytopes would directly improve
the practical applicability of the Set-H approach. Future work
will explore these directions.

VI. CONCLUSIONS

This paper addressed the problem of stabilization and
implementation of MPC with Minkowski cost functions. A
new constructive method for selecting a terminal Minkowski
cost function based on a given A-contractive set was de-
rived. Thereafter, a set-based implementation strategy for the
feedback policy was developed and methods for its exact
(via constrained zonotopes) and suboptimal (via polytopic
approximation) implementation were discussed. A simple
numerical example showed good performance of a subop-
timal set-based policy whose online solution is obtained
from a linear program with significantly fewer optimization
variables than the corresponding trajectory-based optimal

control problem. Future extensions will focus on the use
constrained zonotopes to implement MPC based on optimal
control problems whose solutions require the use of set-based
techniques (e.g., min-max MPC [11], [12]).
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